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PREFACE

The experiment plans presented here make available a

collection of fractional factorial designs in which each

factor is at three levels. It is hoped that the publication

of this volume will accelerate the application of fractional

factorial designs in experimental work. This project was

carried out in the Statistical Engineering Laboratory of the

National Bureau of Standards under contract with the Bureau

of Ships, Department of the Navy. The work was performed

under the direction of W. S. Connor and M. Zelen. The

experiment plans were constructed by R. C. Burton, Lola S.

Deming, F. L. Miller, Jr., and H. M. Pettigrew. Lola S.

Deming supervised the preparation of the manuscript in its

final form. All of these experiment plans were checked by

J. M. Cameron and M. Carroll Dannemiller on the National

Bureau of Standard’s electronic computer SEAC.

i



.

•

...



Plan
Frac tional
replication

Number
of

fac tors

Number
of units
per block

Number
0f 'Me asuremen ts

blocks required
1

Page

3-4.3 1/3 4 3 9 27 25

3.4.9 4 9 3 27 26
3.5.3 5 3 27 81 27

3.5.9 5 9 9 81 28

3.5.27 5 27 3 81 29
3.6.9 6 9 27 2:43 30
3.6.27 6 27 9 243 32
3.6.81 6 81 3 243 33
3.7.27 7 27 27 729 34
3.7.81 7 81 9 729 41

3.7.243 7 243 3 729 42

9.6.3 1/9 6 3 27 81 43

9.6.9 6 9 9 81 45

9.6.27 6 27 3 81 46

9.7.9 7 9 27 243 47

9.7.27 7 27 9 243 49
9.7.81 7 81 3 243 50

9.8.27 8 27 27 729 51

9.8.81 8 81 9 729 58

9.8.243 8 243 3 729 59

27.7.3 1/27 7 3 27 81 60

27.7.9 7 9 9 81 62

27.7.27 7 27 3 81 63

27.8.9 8 9 27 243 64

27.8.27 8 27 9 243 67
27.8.81 8 81 3 243 68

27.9.27 9 27 27 729 69

27.9.81 9 81 9 729 76

27.9.243 9 . 243 3 729 77

81.8.3 1/81 8 3 27 81 78

81.8.9 8 9 9 81 80
81.8.27 8 27 3 81 81
81.9.9 9 9 27 243 82
81.9.27 9 27 9 243 85
81.9.81 9 81 3 243 88

243.9.3 1/243 9 . 3 27 81 89

243.9.9 * 9 9 9 81 92

243.9.27 9 27 3 81 93

243.10.9 10 9 27 243 94

243.10.27 10 27 9 243 98
243.lO.8l . 10 81 3 243 99

iii
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FRACTIONAL FACTORIAL EXPERIMENT DESIGNS
FOR FACTORS AT THREE LEVELS

1. Introduction , One of the most difficult types of

experiments to carry out is that which requires the experimenter

to jointly evaluate the characteristics of several factors with

respect to some material or process. Often the number of

factors is so large that it is neither economical nor feasible

to study all combinations of them. For these cases

,

fractional factorial experiment plans can be used to enable

the experimenter to choose a fraction of the possible factorial

combinations. Study of this smaller number of combinations

may, in many instances, contain enough information to fulfill

the original experimental objectives. In still other experi-

mental situations it may not be practical to plan an entire

experimental program in advance, but rather to conduct a

sequence of smaller experiments. For these cases, particularly

efficient use can be made of fractional factorial experiment

plans. This monograph contains a collection of fractional

factorial experiment designs, sometimes termed fractional

replicates, for the case when all factors are at three levels.

This catalogue can be regarded as a sequel to Fractional

Factorial Experiment Designs for Factors at Two Levels [1 ]

.
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The technique for analyzing fractional factorial plans is

discussed in the books by Davies {2] and Kempthorne [3]. The

relation of fractional factorials to the theory of groups is

discussed by Finney [5] and Kempthorne [4]; their relation to

orthogonal arrays and hypercubes is given by Rao [6]. Other

tabulations of fractional factorials for the 3
n

series can be

found in Davies [2], and Kitagawa and Mitome {7].

2. Description of Experiment Plans . A factorial

experiment involving n factors, each at three levels,

results in 3
n different factorial combinations. A fractional

factorial requiring only 1/3P x 3
n - 3

n_p
, n > p, of these combi-

nations is termed a 1/3P fractional factorial design. The

fractional replicates catalogued in this monograph are for

the fractions 1/3, 1/9, 1/27, 1/81, 1/243 and for n ranging from

4 to 10 factors. These experiment plans have been constructed

so that the treatment combinations are grouped into blocks.

Use of the blocks permits the experimenter to take advantage

of any homogeneous grouping of the experimental material, and

will often result in greater precision of the comparisons

among the various factors.

Each plan has a designation r.n.k. which denotes that the

plan is a 1/r replicate (r~3P
,
p*l,2,3,4,5) of the 3

n

factorial system having b * 3
n/rk * 3

s blocks of k~3
n p S

treatments each. For example, plan 3.4.9 refers to a 1/3

4replicate of a 3 factorial design having 3 blocks of 9 units

each.
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In all plans, the n factors are denoted by capital

letters A,B,C,..., except for I which is not used to denote

a factor. The factorial treatment combinations are

designated by lower case letters having the exponent 0, 1, or
X
1
X
2

X
3

2, i.e., a b c ... (x
i

* 0,1,2), where the exponent

corresponds to one of the three different levels associated

with that particular factor. For example with respect to

factor A, the three levels are given by 1, a, a 2
,

where a^*l is simply used as a unity element. Thus, for an

experiment involving the factors A,B,C,D, the treatment

combination a 2cd indicates A at level 2, B at level 0, and

C and D at level 1. The factorial combination where all

factors are at the 0
X

level is denoted by (1)

.

The experiment plans in this monograph may be regarded

as grouped in families where all designs belonging to a

particular family have the same fraction and the same number

of factors, but differ only with respect to the number of

treatments within a block. The experimental layout for the

plan having the smallest number of units per block is always

written out in full. Generally, the other members of the

family can be obtained from this initial design by re-grouping

the blocks of the initial design. Occasionally there is a

second experiment plan, other than that with the smallest block

size, which has the complete experimental layout written out
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in full. This situation arises when it is not possible to

obtain an "optimum" design from the plan having the smallest

block size. For example, the family of 9 factors having a

1/81 replicate has the treatment combinations written out in

full for Plan 81.9.9 and also for Plan 81.9.27. Although a

plan for 9 blocks of 27 treatments each can be obtained from

Plan 81.9.9, a plan resulting in more information is given

by Plan 81.9.27.

In addition to using the capital letters to represent

the various factors, the capital letters are also used to

represent the various main effects and interactions associated

with the respective factors. Main effects having 2 degrees of

freedom are designated by capital letters alone. Two factor

interactions will have 4 degrees of freedom and can be split

into two orthogonal suras of squares, each carrying 2 degrees

of freedom. With respect to factors A and B, the two mutually

orthogonal parts of the two factor interaction are denoted by

AB and AB 2
. In general if F, ,F0 ,...,F represents an

appropriate selection of the factors A,B,C,..., then the

interaction between the s factors will have 2
s degrees of

s—

i

freedom and can be split into 2 mutually orthogonal sums

of squares each containing 2 degrees of freedom. These are
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designated by

F F12
3

s—1
where the exponents take the value 1 or 2, and the 2

different sets are generated by considering all combinations

of (^2*^3' • * * as ^P011611^ 130 Note that the first letter

in every interaction always appears with an exponent of unity.

3. Loss of information . The reduction in the number of

observations is accomplished at the expense of "losing"

information on the main effects and interactions. This loss

of information results in all main effects and interactions

being entangled or aliased with other main effects or inter-

actions. That is, a particular estimate will serve as the

estimate of several of the parameters in the underlying

mathematical model describing the experimental situation.

However, since in many experiments, interactions involving

three or more factors (second or higher-order interactions)

can be considered negligible, the fractional designs in this

catalogue have been constructed so as (1) to have all main

effects aliased with three-factor and higher-order inter-

actions and (2) to have as many two-factor interactions as

possible confounded (aliased) with three-factor and higher-

order interactions. Two-factor interactions which are only
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aliased with higher order interactions are termed

measurable *

Listed with every experimental plan is information

describing the measurable two-factor interactions Q If the

fractional design is used as a completely randomized design

(without regard to blocking) the measurable two-factor

interactions are given under the heading "Completely randomized."

This information is given (for a particular r and n) with the

design having minimum block size. For example, in a 1/3

4
replicate of the 3 factorial design the information is found

With Plan 3.4.3., .

When treatments are grouped into blocks, this usually

entails loss of additional information on interactions. The

additional loss of information on interactions results in

certain interactions and their aliases being confounded with

the blocks of the experiment. For the case of blocking, the

information on measurable two-factor interactions is found

under the heading "With blocks."

Associated with the 1/3^ fractional design is a funda-

mental identity which consists of the symbol I and (3
P-l)/2

groups of letters connected by equal signs, i.e..

a
l

b
l

C
1A X

B A
C

±
a
2

b
2

C
2

o o o o o

a
t

b
t

c
tA lB X 1

* Although considerable effort was made to find solutions which

have the maximum number of two-factor interactions confounded
with three-factor and higher-order interactions, other
solutions may exist having a larger number of measurable two-

factor interactions.
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where t * (3
p-I)/2 and the a.,b.,c,,,.. take on values 0,1,

or 2 0 It will be convenient to call a group of such letters

a ’’word". The words in the fundamental identity are such

that the first letter of every word always has unity as an

exponent, and a letter having a zero exponent is omitted

from the word, or can be regarded as being a unity element,

i o e 0 ,
A * B “ C ®ooolo

The fundamental identity for a 1/3P fraction will contain

p words which are underlined. These are referred to as the

generators of the fundamental identity; they are used to

generate all the words in the fundamental identity in the

following way. Let G, ,G^, . . •
,G denote the generators and

let ) be a vector of p elements such that each
i 2 p

element takes on the value 0,1, or 2, (A^ “ 0,1,2). Two such

vectors (ApAg, ° • • *A
p

) and (A] , A£, . • . , A^) are said to be

equivalent if (A
1 , A g

, . . « , A ) {cA^,cA£, . . . ,cAp) where c is

an integer and the cAj are reduced modulo 3. Then all words

in the fundamental identity are obtained from

by considering all possible vectors (A
1
,A 0 ,...,A ), but

omitting both the null vector (0,0,...,0) and those vectors

which are equivalent. Finally all exponents associated with

each letter are reduced modulo 3 such that the first letter
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in every word has an exponent of unity. For example consider

g
a 1/32 replicate of a 3 experiment. Here p**2 and the

generators* are given by * ACDE, G
2

33 BC 2DE 2F. The

different vectors (A
1
,A

2
) making up the fundamental identity

are (1,0) , (0, 1) , (1,1) , (1,2). The equivalent vectors which

are not considered are (2,0), (0,2), (2,2), and (2,1)

respectively. Thus the words of the fundamental identity are

1 " G
1

* °2 " G
1
G
2 - G

1
G
I

* ACDE * bc 2de 2f * abd 2f - ab2c 2e 2f 2

The fundamental identity serves two purposes: (1) it is

used to select the appropriate sub-set of treatments from the

full factorial and, (2) it determines the manner in which the

various main effects and interactions are aliased with one

another as a consequence of taking only a sub-set of measure-

ments from the full factorial. If the p generators of a

1/3P fractional replicate are denoted by

a . b . c .

G.-A 1 B 1
C

1
... i-1,2, . . . ,p

X
1
X
2

X
3then the factorial combinations a b c ... selected for

the 1/3^ fraction satisfy simultaneously the p equations

* The generators listed for the fundamental identities in
this catalogue are not unique. In this example, for
instance, another set of generators is G^Gg and G^G^ 2

.
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a^x^ + b
i
x
2

+ c
i
x
3

+ 000 " 0 (mod 3) i-1, 2, .

.

0 ,p

.

Now if X represents a main effect or part of the four

degrees of freedom associated with a two-factor interaction, then the

quantities aliased with X are obtained by multiplying X with

each word and with the square of each word in the fundamental

identity o Thus, X will be aliased with 3^-1 other interactions.

Carrying out the formal operation of multiplication results in

a
i

b
i

c
xX - XA aB a

C
a b c

XA 2B 2
C 2

... -
a
t
b
t„

C
t- XA lB X

2a
1

2b 2c_
XA XC 1

2a 2b 2c
XA Z

C *
9 9 0 009

2a. 2b. 2c.
XA tB b

C
b

where all exponents are reduced modulo 3 and the leading

letter of every word has an exponent of unity. Then X is

said to be aliased with those main effects and interactions

set equal to X, i.e..

a
1

b
1

c
XA aB A

C
'

a
2

b
2

c
2

, XA ^B T ^ 9 9 9

2a , , 2b 2c.

, XA % X x

In order to arrange the 3
n ^ treatment combinations into

3
s
blocks of 3

n-P”s treatments each, it is necessary to

sconfound (3 -l)/2 additional interaction components and their

s
aliases with the blocks. With respect to any plan, the (3 -l)/2

interactions used to arrange the treatments into blocks are
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found under the heading "Block confounding". Note that s of

these interactions are underlined. These are the generators

of the block confounding interactions from which all other

(3
S
-l)/2 block confounding interactions are obtained. These

are generated in the same way as are the words in the

fundamental identity. Thus, if W^,W
2
,...,W

s
represent the

s block generators of a plan having 3
s

blocks, the (3
s-l)/2

block confounding interactions are generated by considering

all combinations of (A^, • • • >

A

g ) with respect to

A, A
2

A
W

n
W 0 . .. W

,
but omitting both the equivalent and null

1 A S

vectors and reducing all exponents modulo 3.

Now if a block generator is of the form

a. b. c.

... i-l,2,...,s

the 3
n-P treatments satisfying the fundamental identity are

arranged in s blocks such that the treatments in the g^

block satisfy the s simultaneous equations

a-.x. + b,x_ + c,x 0 + ... * ou (mod 3)11 12 13 Ig

a
2
X
l

+ V2 + C
2
X
3

+ • * ' " a
2g

(m°d 3)

ax. + b x0 + c x0 +si s 2 s 3
asge • • (mod 3)
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where the aig r~0,,l4 .or 2 for i - 1,2, . . . .,s, v The ..

3
s

blocks are obtained by considering all possible combi-

nations of (a, .aQ . ...,a ) over the numbers 0,1,2.
-L& ^g Sg

To illustrate the use of the fundamental identity and

the block confounding relationships^ consider Plan 9.6.3

g
which is a 1/9 replicate of a 3 factorial design in 27 blocks

6
of 3 treatments each. The full factorial requires 3 - 729

treatments for one complete replication. These are given in

Table 1. The fundamental identity is

I - ACDE - BC 2DE 2F * ABD 2F - AB 2C 2E 2F 2
.

The treatments in parentheses in Table 1 are the 81.

treatments which satisfy the two simultaneous equations

X
1

+ x
3

+ x
4

+ x
5

* 0 (mod 3)

x
2 + 2x

3 + + 2x
5 + Xg - 0 (mod 3)

In order to determine the aliases of any main effect or

interaction, one must multiply all the words and the square

of the words in the fundamental identity by that particular

main effect or interaction. Table 2 lists the aliases of all

the main effects and interactions such that the leading

exponent of every word is unity and all exponents are reduced

modulo 3.
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Table 1

THE COMPLETE REPLICATION OF A 3
6 FACTORIAL DESIC-N

Treatments of the 1/9 replicate are shown in parentheses

Bo
B1 B2

C
0

c
i

C
2

c
0

C
1

C
2

C
o

C
1

C
2

F0 a) c c
2 b be be 2 b2 b2 c b 2 e 2

Eo F1 f cf c
2 f bf bef bc 2f (b2 f) bz ef b2 c 2 f

f2 r 2 cf2 c
2 f2 (bf^ bef2 be 2 f 2 b 2 f 2 b2 cf 2 b 2

c 2 f2

Fq e ce (c 2
e) be bee bc 2 e b2 e b2 ce b 2 c 2 e

D0 El Fm ef cef c
2 ef bef beef be 2 ef b2 ef b2 cef (b

a
c
2ef

)

b2 c 2 ef2F2 ef2 cef2 c
2 ef2 bef2 beef2

( be 2 ef 2
) b 2 ef2 b2 cef2

F0 e 2 (ce 2
) c 2 e

2 be 2 bee 2 bc 2 e
2 b2 e 2 b2 ce 2 b2 c 2 e 2

Eo Fi e 2 f ce 2 f c
2 e 2 f be 2 f bce 2 f bc 2

e
2 f b2 e 2 f (

b

2 ce 2
f)

b 2 ce 2 f 2
b 2

c
2 e 2 f

F2 e 2 f2 ce 2 f2 c
2 e

2f 2 be 2 f2 (bce 2 f2
)

bc 2 e 2 f2 b 2
e 2 f 2 ba c 2 e 2 f a

Fo 'd cd c
2 d bd bed (bc(d) b~d b2 cd b2 c 2 d

E„ F? df cdf (S» bdf bedf bc 2 df b2 df b2 cdf b2 e
2df

F2 df2 cdf2 bdf2 bedf 2 bc 2 df2 b2 df2 b2 cdf2
(b

2
c
2 df2

)

F. de cde c
2 de bde (bede

)

bc 2 de b2 de b 2 cde b 2
e
2 de

El El F1
def c 2def bdef bedef be 2def b2 def b2 cdef b2 c 2def

F2
def2 c

2def2 bdef 2 bedef2 bc 2def 2 b 2def 2
(

b

2cdef^ b2 c
2def2

Fq de 2 cde 2
c
2 de 2 (bde 2

)
bede 2 be 2 de 2 b2 de 2 b2 cde 2 b2 c 2 de 2

*2 &f2
(
de !;n
de 2 f2

c 2 de 2 f bde 2 f bcde 2 f bc 2 de 2 f b2 de 2 f b 2 cde 2 f b 2 c
2 de 2 f

cde 2 f2 c
2 de 2 f2 bde 2 f2 bede 2f2 bc 2 de 2 f 2

(b
2 de 2 f2

)

b 2 d 2

b 2 cde 2f 2 b 2 c 2 de 2 f 2

b 2
e 2 d 2

F. ’d 2 cd 2 c
2 d2 bd2 bed 2 bc 2 d 2

(

b

2 ed2
)

E F? d 2 f cd 2 f c
2d 2f bd2 f (bcd2 f

)

Dcd2 f2
bc 2 d2 f b a d2 f b2 cd2 f b2 e 2 d a f

F2 d 2 f 2 (cd 2 f 2
) c

2 d 2 f2 bd2 f2 bc 2d2 f 2 b2 d 2 f2 b 2 cd2 f2 b a
c
2d2 f 2

Fq d 2 e cd2 e c
2 d2 e bd2 e bcd2 e bo 2 d 2

e (b
2 d 2 e

)

b2 cd 2 e b 2
c
2 d 2 e

D2 £
1 & d2 ef cd 2 ef c

2 d 2ef bed2ef bc 2 d2 ef b2 d 2 ef b 2 cd2 ef b 2
c
2 d 2ef

(d 2ef2
)

cd 2 ef2
c
2 d2ef2 bcd2 ef2 be 2 d2ef2 b 2 d2 ef2 b 2 cd2 ef 2 b 2

e
2d 2 ef 2

P d 2 e 2 cd2 e 2 c 2d2e 2 bd2 e 2 bod 2 e
2 bc 2 d 2 e 2 b2 d 2 e 2 b 2 od2 e 2

( b
2 e 2 d2 e a

)

e2 F° d2 e 2 f cd 2 e 2 f c
2 d 2e 2f bd2 e 2 f bed2

e
2 f (bc 2 d 2 e 2 f)

be 2 d2 e 2 f2
b 2 d2 e 2 f b 2 cd2 e 2f b 2 c 2d2 e 2 f

^ F1F2 d2 e 2 f2 cd 2 e 2 f 2 (c 2 d2 e 2 f2
)

bd2 e 2 f2 bod2 e 2 f 2

A1

b^d^e^f2 b 2 cd2e 2 f2 b 2 e 2d 2 e 2 f 2

So B
1

s2

C o
C
1

C
2

C
o

C1 C2 C
o

c
i

C 2

Fo a ac ac 2 ab abe abe 2 ab 2 ab 2
c (aba c 2

)

E0 F1 af aef ac 2 f abf abef ( abc
2
f) ab 2 f ab 2 cf aba o 2f

f2 af2 aef 2 (ac 2 f2) abf 2 abef 2 abe 2 f 2 ab 2 f2 ab2 c f2 ab 2
e
2 f 2

Fq ae ace ac 2 e abe abce abc 2 e ab2
e (ab

2 ce) ab 2 e
2 e

®o Ei Ff aef acef ac 2 ef abef (abeef

)

abce

f

2
abe 2 ef ab 2ef ab 2 cef ab 2

o
aef

aef 2 (acef 2 ) ac 2ef 2 abef2 abe 2ef2 ab 2 ef2 ab 2 cef2 ab 2 e
2 ef 2

F0 ae 2 ace 2 ac 2e
2 abe 2 abce 2 abc 2 e 2 (ab 2

e 2
) ab 2 ee 2 ab 2

c
2 e 2

Eo F? ae 2 f ace 2 f ac 2 e 2 f (abe 2 f

)

abe 2 f2
abce 2 f ab e

2 e
2 f ab2 e 2 f ab2 ce 2 f ab 2

c
2
e
2 f

2
"P
1

F2 (ae 2^ ace 2 f3 ac 2 e 2 f 2 abce 2f 2 abc 2
e
2 f2 ab 2 e 2 f 2 ab 2 ce 2 f2 ab2 c

2 e
2 f 2

F„ ad (acd) ac 2 d abd abed abc 2 d ab 2d ab2 cd ab 2 e
2 d

E0 F-> adf aedf ac 2df abdf abedf abc^df ab 2 df (ab 2 cdf) a'o
a
c
2df

f2 adf 2 aedf2 ac
2 df 2 abdf 2 (abedf2 ) abc2df 2 ab 2df2 ab 2cdf 2 ab 2

c 2df 2

F0 (ade) aede ac 2 de abde abode abc 2 de ab2de ab2 cde ab 2
c
2 de

D1 E1 F1 adef aedef ac 2def abdef abedef abc 2 def (ab2def) ab2 cdef ab 2
c
2def

"2 adef 2 aedef2 ac2def 2 (abdef ®) abedef2 abc 2def2 ab 2def2 ab 2 cdef 2 aba o 2def 2

P ade 2 aede 2 (ac 2 de 2) abde 2 abode2 abc 2de 2 ab 2 de a ab 2 cde 2 ab 2
e 2de 2

ade 2 f acde 2 f ac“de 2f abde 2 f abode 2 f abc 2 de 2 f ab 2 de 2f ab 2 cde 2 f (ab 2 c 2de a f)
ab 2

c
2de 2f2' f2 ade 2f2 acde 2 f 2 ac^de^f 2 abde 2 f 2 abcde 2 f~ (abe 2de 2 f 2

) ab 2de 2f 2 abacde 2f2

po ad2 acd2 ac 2d2 (abd 2
)

abed 2 abc 2 d 2 ab 2 d 2 ab 2 cd2 ab 2 c
2 dz

E„ F-j

ss#
acd2 f ac 2 d2 f abd 2

!
- abcd2 f abe 2 d2 f ab2d2 f ab2 cd 2f ab 2

c
2d2 f

f2 acd 2f 2 ac 2d 2 f 2 abd 2 f 2 abcd2f2 abe 2 d2 f 2 (ab 2 d2f2
)

ab 2cd2 f 2 ab 2 c
2 d 2f 2

Fo ad 2 e acd2 e ac 2 d2e abd 2 e abcd2 e (abc 2d2 e) ab 2d2 e ab 2 cd2 e ab 2
c
2d2 e

D2 E1 F1 ad 2ef acd2ef (ac 2 d2 ef) abd2ef abcd 2ef abe 2 d2ef ab 2d2ef ab2 cd2ef ab 2 c 2 daef
1 f2 ad 2ef 2 acd2 ef2 ac 2 d 2ef2 abd 2 ef2 abcd2ef2 abc2d2ef2 ab2 d 2ef2 ab 2 cd2ef2 (ab 2 c

2d2 ef2 )

F0 ad2 e 2 acd 2 e2 ac 2 d 2
e
2 abd2 e2 ( abcd2 e 2 ) abc 2 d2e 2 ab2 d2e 2 ab2 cd2 e 2 ab 2

e
2 da e 2

E2 F1 ad 2 e 2f (acd2 e 2 f)
acd 2 e 2 f 2

ac 2 d2 e 2f abd2 e 2 f abcd 2 e 2 f abc 2d2 e 2 f ab 2d2 e 2 f ab 2 cd2 e 2f ab2 c 2d2 e 2 f
F2 ad 2 e 2f 2 ac 2 d 2 e 2f 2 abd 2e2f2 abcd2 e 2f 2 abc 2d2e 2 f2 ab2d2 e 2 f2 (ab^cd^e^f2

)
ab2c 2d 2e 2f2

Bo B
1 32

C
o

ci C
2

c
0

c
i

C
2

Co c
i

C2

Fo a2 a2 c a2 c 2 a2 b (

a

2bc) a2bc 2 a2 b 2 a2b 2 c a2b 2 c2

E0 Fx
a2 f (a2 cf) a2 e 2 f a2 bf a2bcf a2 bc 2 f a2 b2 f a2 b2 cf a2 b 2

c
2 f

a2 f 2 a2 cf2 a2 c 2 f2 a2bf2 a2 bcf 2 a2 bc 2 f a2b2 f2 ( a2 b 2 cf 2
) a2 b2 c 2f2

Fo &2 e a2 ce a2 c
2 e (a2be) a2 bee a2bc2 e a2 b 2 e a2b 2 ce a2 b2 c 2 e

Do E1 F1 (a2 ef) a2cef a2-e 2 ef a2 bef a2bcef a2 bc 2 ef a2 b 2 ef a2b 2 cef a2 b2 c
2ef

f2 a2ef 2 a2cef2 a2 c2 ef2 a2bef2 a2bcef2 a2bc 2ef2 (a2b 2ef2 ) a2b 2 cef2 a2 b 2 e
zef2

Fq a2 e 2 a2 ce2 a2 c2 e 2 a2 be 2 a2bce 2
(

a

2 be 2 e 2
) a2b 2

e
2 a2 b2 ce 2 a2b2 c 2e 2

e2 Fx a2 e 2 f a2 ce 2 f (a2 c
2 e

z
f)

a2 c 2 e 2 f 2
a2 be a f a2bce 2 f a2 bc 2 e 2 f a2 b2 e 2f a2 b 2 ce 2f a2b 2 e 2 e 2 f

f2 a2 e 2 f 2 a2 ce 2f2 a2be 2f2 a2bce 2 f2 a2bc 2 e 2f2 a2 b 2 e 2 f“ a2b 2 ce 2 f2 (a2b“e2 e 2 f':

)

Fo a2 d a2 cd a2 c 2d a2bd a2 bed a2bc 2d (a
2 b2 d) a2b 2 cd a2 b2 c

2d
E0 Fi a2 df a2 cdf a2 c2df (a

2bdf

)

a2bdf2
a2 bcdf a2bc 2df a^b^df a2 b 2 cdf a2b2 e 2df

F£ (a2df2 ) a2 cdf2 a2 c 2df 2 a2 bedf2 a
2 bc 2df 2 a2b 2df2 a2b 2 cdf2 a2 b 2 c adf2

F0 a2 de a2 cde a2 c 2 de a2bde a2bcde a2bc 2 de a2b 2 de a2 b 2 cde (a2b 2 c2 de)U
1 E1 F1 a2def a2 cdef a2 c 2 def a2bdef a2bedef (a

2bc 2 def)
a2be 2def2

a2 b2def a2 b 2 cdef a2 b2 c
2 def

F
2

a2def 2 a2 cdef 2 (a2 c 2def2
) a2 bdef2 a2 bedef2 a2b 2def2 a2b2 cdef2 a^b*

c

2def 2

Fq a2 de 2 a2 cde 2 a2 c 2 de 2 a2bde 2 a2bcde 2 a2bc 2de 2 a2b2 de 2 (a2 b2 cde 2
) a2b2 c

2 de 2

a2 de 2 f a2 cde 2 f a2 c 2 de 2 f a2bde 2 f (a
2bcde 2

f)
a2bcde 2 f2

a2bc 2de 2 f a2b 2 de 2 f a2b2 cde 2f a2b2 c2 de 2f
f2 a2 de 2 f2 (

a

2 cde 2 f2 )
a2 c

2 de 2 f 2 a2bde 2 f2 a2bc2de 2f2 a2 b 2 de 2 f2 a2b 2 cde2f2 a2 b 2 c 2 de 2f2

F0
’ a2 d2 a2 cd2 (a2 c2 d2 ) a2bd2 a2bcd2 a*bc 2d 2 a2b 2d 2 a2 b2 cd 2 a2b 2 c 2 d2

E
°l

a2 d2 f a2 cd2 f a2
c
2 d2 f a2bd 2 f a2bcd2 f a2 be 2d2 f a2b2 d2 f a2b 2 cd2 f (a2 b 2

c
2 d 2 f)

a2 b 2 c 2 d 2f2a2 d 2 f 2 a2 cd 2 f 2 a2 c 2 d2 f2 a2bd 2 f2 a2bod 2f 2 (a2bc2 d 2 f2 ) a2 b2 d 2f2 a2 b2 cd 2 f2

d2 Fo a2 d 2 e (a
2 cd 2 e) a2 c 2 d 2 e a2 bd 2 e a2bcd2 e a2be 2 d 2 e a2b 2 d 2 e a2b 2 cd 2 e a2 b a c 2 da e

E1 F1 a2 d 2 ef a2 cd 2ef a2 c
2 d2 ef a2 bd 2 ef a2 bcd*ef a2bc 2 d 2 ef a2 b2 d 2ef (a2b 2cd2 ef)

a2 b 2 cd 2 ef2
a2b 2 c

2 d 2ef
F2 a'd^ef2 a2 cd2ef 2 a2 c 2 d2 ef2 a2bd 2ef2 (a2bed2ef2 ) a2bc 2 d 2 ef 2 a2b 2 d2ef2 a2 b2 e2 d2 ef2

Fo (a2 d2 e 2) a2 cd 2
e
2 a2 c 2 d 2 e 2 a2bd2 e 2 a2bcd 2 e 2 a2bc 2 d 2 e 2 a2b2d 2 e2 a2 b 2 cd2 e 2 azb 2

e
2 d2 e 2

E2 F1 a2 d 2
e
2 f a2 cd2 e 2 f a2 c 2d2 e 2 f a2bd 2 e 2 f a2bed2 e 2 f a2bc 2 d 2 e 2 f (a

2 b 2 d2 e
2n

a2b 2 d2 e 2f2
a2b 2 cd2 e 2 f a2b 2 e ad2 e 2 f

F2 a2 d 2 e 2 f 2 a2 cd2 e'
2
f2 a2 c 2d 2 e 2f2 (a2bd2

e
2 f2 ) a2bcd2 e 2 f 2 a2bc 2d 2e 2 f 2 a2b2 od2

e‘
! f 2 aa b 2 c

2 d 2 e 2 fa
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For example the aliases of the main effect A are

A = AC 2D2E 2 * ABC 2DE 2F - AB2DF 2 - ABCEF - CDE * AB2CD 2EF 2

= BD2F - BCEF.

Thus, all main effects have interactions composed of at least

three factors as aliases, and there are 12 two-factor inter-

action components that are not measurable. These are AB, AC,

AD, AD 2
, AE, AF, BD2

, BF, CD, CE, DE, and DF2
, and represent

the information one would lose if the fractional replicate is

used as a completely randomized design. The interactions AC ,

BC, ABC 2
, AB2

, BF, ABCF, BC 2F 2
, AB 2C 2F, AF, AB2CF 2

, CF2
,

AC 2F2 and ABF2 are used to arrange the 81 treatments into 27

blocks of 3 units each. These interactions and their aliases

are then confounded with the blocks. This results in leaving

only 11 two-factor interaction components measurable, i.e.,

AC 2
, AE 2

, AF2
, BC 2

, BD, BE 2
, BF2

, CD2
, CF, DE 2

, and EF. The

3 equations which serve as a basis for placing the 81

treatments into blocks are

1
+ x

3
(mod 3)

x
2 + x

3
- a

2
(mod 3) g“l,2 27

(mod 3)



'

,
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Thus, (aig' a2g* a3g^
is e<*ual to (0^0,0) for block 1, (0,0,1)

for block 2, (0,0,2) for block 3, (0,1,0) for block 4, .

(2,2,2) for block 27.

4. The Analysis of Fractional Factorial Plans .

Let the mathematical model underlying a 3
n

factorial

experiment be

observation * true value + block effect + random error.

This model can be written as

(a b1, 2_3
.) - (AW3

) + b. + c.

123.

X
1

X
2

X
3

where (a be...) represents the actual observation of the

X
1
x
2

X
3

factorial combination, (A B C ...) represents the true

value of the observation, b. (j-1,2, . . .
,b) represents the

<3

block effect associated with the block in which the measurement

is made, and
)

€ l denotes a sequence of uncorrelated
L X

123 . .

.

random variables having a mean zero and (unknown) variance a 2
.





Following Kempthorne [3], define:

X, X.

n - (l/3
n

) y (A *B 2
C

3
. . .) (Summation is over all 3

n

factorial combinations)

i
- (l/3

n_1
) £ (A

XB 2
C

3
...) -(A)

xr i

i-0,1

(B)
±

- (l/3
n_1

) £ (aW3
...) -

x
2
-i

4 i-0,1

X. X_ X.

(AB)
i

(l/3
n_:l

) ^ (A
XB 2C 3

. . .) 4

x^+Xg^iGnod 3)

i-0,1

(AB*)
i - (l/3

n_1
) £ (A

XB 2C 3
...) - 4

x^+2x2“i (mod 3)

i-0,1

(AB 2C 2
. ..)

±
- (l/3

n_1
) £ (A

1B
:V3

...) -

X
l
+2X

2
+2X

3
# • *“i (m°d 3)

M. i-0,1

zwhere ) sums over all 3
n ^ factorial combinations holding

xf 1

x^-i fixed
• i sums over all 3

n-1
factorial combinations
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holding x
2
“i fixed > •••>

2n-l

z sums over all

x
l
+2x

2
+2x

3
+ * *

3 factorial combinations such that Xj+2x^+2x^+. . .-i is fixed.

The quantities (A)
i , (B)^, (C)^,... are parameters associated

with the main effects of factors A ; B ; C ; . .., respectively.

The quantities (AB)
± , (AB2

).,, (AC).., (AC 2
).,, (BC)

± , (BC 2
) ± , ...

are parameters associated with the two factor interactions AB,

AB 2
,
AC, AC 2

, BC, BC 2
, . .., etc. With the above definitions,

X
1
X
2

X
3

the true value of a treatment combination, (A B C ...), can

be ^written as a linear function of these parameters, i.e.,

X i
Xo Xo

(A
aB J

...) - ^ + (A) + (B) + (C) + ...
1 2 3

\

* +

+ ... + (AB 2C 2 ...)x
1
+2x

2
+2x

3
+.

.

where all indices are reduced modulo 3. For example, if n=3,

then xxx
(A

1B 2C 3
) - M. + (A) + (B) + (C) + (AB)

X
1

x
2 3

X
1 2

* <“*W * “CV*3 *
‘“‘V*,

+ (BC)x +x + (BC3) x +2x + (ABC)
x +x +xx

2
+x

3
X
2
+2X

3
X
l
+X

2
+X

3

* “B‘C»«
1
^x

3
* «BC‘>x

1
«

2
*2x

3



osm
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Further if x^-0, x^-l, x3~^

(BC 2
) - n + (A)

0 + (B)
± + (C)

2 + (AB)
1 + (AB 2

)
2

+ (AC)
2 + (AC 2

)
1 + (BC)

q + (BC 2
)
2

+ (ABC)
Q + (AB 2C)

1 + (ABC 2
)
2 + (AB 2C 2

)
q

.

Now if the experimental plan is a 1/3P fractional replicate

of the 3
n factorial experiment, the estimates of the above

parameters are

X, X« X,

a - 1/3-f y c. vv3
...)

A

(A)
i

- 1'3
”-p- 1

I
x
l
m±

(B)
i

l/3
n-p“1 V

X2’1

(Sum over entire 3
n-p

combinations)

X. x rt x„
/ 1^ 2 3 \ A
(a b c . . . ) - |i

X
1

x
2

x
3

(a ^'b
2
c • • • ) — jj.

(i-0,1,2)

(i“0, 1,2)

(A
A
B). - l/3

n_p_1

Y,
^V2/3

...) - &
x
1
+x

2
-i

(AB a
)
i

- l/3
n_p_1

Y (a*1!^2^3
...) -

fi.

xi+2x2
-i

(i-0,1,2)

(i-0,1,2)
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where all summations refer only to those measurements

selected for the 1/3^ fractional replicate.

Every estimate will be biased, and the manner in which

an estimate is biased depends on all of its aliases. For a

1/3^ fractional replicate, let the (3^-1) /2 words in the

fundamental identity be denoted by

a . b . c .

Ui,U2
,...,U

t
where IT - A J B J C 3

. . . j-l,2,...,t.

Let X - AaB^C^. . . be a particular main effect or interaction

and let its (3P-1) aliases be denoted by Xl^, XU
2 , ..., XU^,

XU*, XU*, ..., XU* where

a ! b ! c

!

XU. - A J B J C J ...
J

a’.’ b? cV
XU? - A J B J C 3

. .

.

j

(j • • • ,t)

In all of the above, it is always assumed that the first

non-zero exponent is unity. Then the expected value of the

estimate of (X)
i

is

E(X)
i

- <x
>i * t

t t

j'X. Lx X '“j' 0
j”l J j=l J j“l

(xu 4 ), + y (XU?). + > (U,),

where and take on the values 0,1, or 2. It will always

be possible to write



'
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a
j
X
l

+ b
j
X
2

+ C
j
X
3

+ “ 9
j

ta
j
X
l

+ b
j
X
2

+ C
j
X
3
+

+ + px
2 + yx

3 + ...]

where 0!, <(>'. are equal to 1 or 2, and all coefiicients are
1 J

reduced modulo 3. For particular values of (x^,x
2
,...)

i * ax^ + px
2 + yXg + ... (mod 3) and X r is given by

X .
* i(|) ! (mod 3) .

J J

Similarly for XU?, it is always possible to write

a
j
X
l

+ b
J
X
2

+ C
d
X
3

+ * • • “
®d

[a
d
X
l

+ b
d
X
2

+
°d

X
3

+ ' *
•

J

+
<t>"

[ctXj + px
2 + YXg + ...]

and Pj is given by p . - i(J»" where i = (ax.^ + px
2 + yx

3 + . . .

)

mod 3.
t

In general, the expected value of jx is E(ji) - |i +
;

(Uj)
Q

.

j-l

Also if x^-0, x^O, x
3
*0, ..., then i - ax^^ + px

2 + yx^ + . . 0

and X • “ p .
“ 0 for all j . Hence

J - J

E «>o
•

1 «Vo *

J"1
£ <XD3>0
j-1

£ <v« •

j*l



.

v
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Referring back to our example, i.e., 1/9 replicate of

g
the 3 factorial, consider the aliases of the two-factor

interaction X-A3. Here ct~l, p-l and the expected values of

(AB)
q , (AB)^ (ABJg are

E(AB)
0 - (AB)

Q + (AB2C 2D 2E 2
) Q + (AB2C 2DE 2F)

Q + (ABDF2
)

+ (ACEF)q + (BC 2D2E 2
) + (ACD2EF2

) q + (DF 2 ).

+ (BC 2E 2F 2
) q + (ACDE)

q + (BC 2DE 2F)

+ (abd2f)
0 + (ab2c 2e 2f 2

) 0

A
E(AB) - (AB)

X + (AB2C 2D2E 2
) + (AB2C 2DE 2F>

1 + (ABDF2
)

+ (ACEF)- + (bc 2d2e 2
) 1 + (acd2ef2

)
1 + (df 2

)
1

+ (bc 2e 2f 2
) 2 + (ACDE)q + (BC 2DE 2F)

q

+ (ABD 2F)
0 + (AB2C 2E 2F2

)

A
E(AB)

2 = (AB)
2 + (AB2C 2D2E 2

) 1 + (AB2C 2DE 2F)
2 + (ABDF 2

) 1

+ (ACEF)
1 + (BC 2D2E 2

) 2 + (ACD2EF 2
)
2 + (DF 2

) 2

+ (BC 2E 2F 2
) 1 + (ACDE)

0 + (BC 2DE 2F)
0

+ (ABDaF)
0 + (AB2C 2E 2F 2

) 0 .
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To show explicitly how one of these indices is obtained,

consider XU^ AB 2C 2D 2E 2 which comes from multiplying

X*AB by U "ACDE. Thus, x_ +2x0+2x0+2x /(
+2x

(

- - 2 (x.. +x 0+x.+x_ )
1 7

1 2 3 4 5 1345
+ 2(x^+x^)j from which

0J-2, 4>£*2 . Therefore, X ^-2 (x^Xg)

,

and is equal to 1 or 2 depending on whether Xj+X^as2 or 1,

respectively.

Analysis of Variance . The analysis of variance follows

in a straightforward manner, once the estimates of the various
A

main effects or interactions are obtained. If (X)
i

represents the estimate of the parameter (A^^C^. . .)^

associated with the measurable interaction AaB^C^..., the

appropriate sum of squares having 2 degrees of freedom is

given by 0

3
n-p-l <X)2 .

Thus, the sum of squares associated with the main effect of

(say) A is given by

3
n-p-‘

£
i-0

(A) 2

the sums of squares associated with (say) AB and AB2
,
each

having two degrees of freedom, is



,

'
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and

sn-p-i (AB)2

(AB2)|

respectively, etc.

One can make the usual F- or variance-ratio tests on the

main effects and measurable two factor interactions, if it is

possible to assume (1) that three-factor and higher-order

interactions are negligible, and (2) the variance-ratio tests

can be justified from randomization principles, cf.

Kempthorne [3], or that the -} € follow a normal
L X

123... J

distribution. Note however, that for a 1/3P fractional

replicate there will be (3P-1) alias terms. Thus even though

the higher-order terms may be considered negligible, the large

number of such terms may still bias the particular treatment

mean square.

Referring to our example, the analysis of variance for

g
the 1/9 replicate of the 3 factorial experiment used as a

completely randomized design is shown in Table 3.



'
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Table 3

Source Degrees of freedom

Main effects 12
Measurable two-factor interactions 36
Non-measurable two-factor interactions 12
Three-factor interactions 20

Total 80

On the other hand, if the same plan is used with 27 blocks,

the analysis of variance breakdown results in a smaller number

of measurable two-factor interactions. Table 4 summarizes the

appropriate analysis of variance.

Table 4

Source Degrees of freedom

Blocks 26
Main effects 12
Measurable two-factor interactions 22
Three-factor interactions 20

Total 80

The estimate of the residual error is supplied in both

cases by the mean-square . associated with the three-factor

interactions having 20 degrees of freedom.

Acknowledgment : The authors wish to thank Professor R. C. Bose,
who was a guest worker in the Statistical Engineering Laboratory
during the summer 1956, for many helpful discussions during the
progress of this work.
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Plan 3*11*3, 1/3 replication of t| factors in 9 blocks of

3 units each.

Factors: A, B, C, D.

I = ABCD#

Completely randomized: The following two-factor interactions

are measurable: AB2
, AC 2

, AD2 , BC 2
, BD2

, CD2 #

Block confounding: AB , AC2
, AB2 C, BC

•

With blocking: The following two-factor interactions are

measurable: AB2 , AD2
* BC 2

, CD2 .

Blocks

1 2 3 4 5

(1) c
2 d cd a bda be 2

abs cd 2 ab2 aba c ad acd ad2

a2bc 2 d a2 bcd2 aa b a2b a c a a2 b2 cd

6 7 8 9

bed
ac 2

asb 2d2

b2d
abc
a2 c 2d 2

b2 c
2d2

abd
a2 c

b2 c
abc2 d 2

a2d



*
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Plan 3 .I
4 . 9 . 1/3 replication of 4 factors in 3 blocks of 9

units each.

Factors: A, B, C, D.

I = ABCD.

Block confounding: AB .

With blocking: The following two-factor interactions are

measurable: AB 2
, AC 3

, AD 2
, BC 2

, BD 2
, CD2

.

Blocks

Combine blocks of Plan 3*4*3 as follows:

1

1, 2, and 3

2

4 , 5>, and 6

3

7, 8, and 9
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Plan 3*5«3* 1/3 replication of 5 factors in 27 blocks of 3

units each.

Factors: A, B, C, D, E.

I = ABODE.

Completely randomized: All two-factor interactions are

measurable.

Block confounding: ABCfE, BODE2 , AB2D, ACD2E2
, ACD, AB2D2E2

ABC 2D2E2
, ABC 2D, ACE, bcd2e, AB2E, BC, DE2

.

With blocking: All two-factor interactions except AB, AC 2
,

AD3 , AE2
, BC, BD, BE, CD3

, CE2
, and DE2 are :me asurable

.

1 2

Blocks

3 h 5 6“ ~

(1) abe a2b 2
e
2 b 2 e ae 2 a2 b

a2bc 2 d 2 e2 bs c
3 d a ac 2 d 2 e a2 c

2 d 2 bc 8 d 2 e ab2 c
2 d 2 e

ab 8 ede a2 cde 2 bed abede 2 a2 b2 cd ede . .

7 8 9 10 11 12—

—

be 2 ab 3 a2 e c
3d abc 2 de a2 b 2 c

2 de
a8 b2 c 2 d 2 e c

2 d 2 e 2 abc 2 d 2 a2bce 2 b2 c ace, .

acd a2bcde b2 cde 2 ab 2 d 3 e a2d 2 e
2 bd3

13 ik 15 16 17 18

b2 c 2 de ac 2 de 2 a2 bc 2d bc 2 de 2 ab 2
c
ad a2 c 2de

a2 c bee ab 2 ce 2 a2 b2 ce ce 2 abc
abda e 3 a3b2 d3 d 2

e ad 2 a2bd 2 e b2d 2 e
2

19 20 21 22 23 2k“

cd 2 abcd 2 e a2b 2 cd 2 e2 b 3 cd 2 e acd 2 e 2 a2bcd 2

a8bde 2 b 2d ade a2 d bde ab 2de 2

ab 2
c
2 e a2 c

2 e 2 be 2 abc 2
e
2 a2 b2 c

2
c 2 e

25

bcd 2
e 2

a 2b 2 de
ac 2

26

ab 2 cd 2

de 2

a2 bc 2
e

27

a2 cd 2 e

abd
b 2

c
2 e 2
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Plan 3-5-9* 1/3 replication of 5 factors in 9 blocks of

9 units each.

Factors: A, B, C, D, E.

I = ABCDE.

Block confounding: ABa
C
aD , AB 3Ea

, ABaCDaE, CD3E3 .

With blocking: All two-factor interactions except BD are
me asurable

.

1 2

Blocks

3 k 5

(1) a2 b2 e 2 abe a2 b 2 c 2 abc 2 e 2

ace b 2
c a2bce 2 b 2 e a2 b

aab a cd abcde 2 cde abd de 2

b2 c 2de a2 bc 2 d ac 2 de 2 a2bcde acd
a2bd 2 e ad 2 b2 d 2 e 2 ac 2 d 2 e b3 c 3da

a2 c
2 e 2 ab2 c 2 e be 2 ab 2 ce 2 bee

abc 2 d2 c
a d 2 e 2 a2b 2

c
2 d 2 e cd 2 a2 b 2 cd2

e

bcd 2 e 2 a2 cd 2 e ab 2 cd 2 a2 d2 e 2 , ab 3 d 2 e

ab 2de a bde a3 d bc 2 de 2 a2 c 2 de

6 7 8 9

c
2 e abc ce 2 a2 b2 ce

ae2 a2bc 2 e ac 2 b2 c 2 e 2

a2 b 2de c 2 d a2b 2
c
2de 2 abc 2 de

b2 cde 2 ade b 2d

.

a2bde 2

a2 bc 2d2 e 2 b2 cd 2 e a2bcd 2 acd 2 e 2

a2 c be 2 a2 e ab 2

abcd 2 e a2b 2d 2 abd 2 e 2 d 2
e

bd 2 ab 2
c
2 d 2 e 2 bc 2 d 2

e a2 c
2 d2

ab 2
c
2 d a2 cde 2 ab 2 cde bed
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Plan 3« 5-27. l/3 replication of 5 factors in 3 blocks of

27 units each.

Factors: A, B, C,

I = ABODE.

D, E .

Block confounding: ab2
c
2d.

With blocking: All two-factor interactions are measurable.

Blocks

Combine blocks of Plan 3*5*9 as follows:

1 2 3

1 , 2 , and 3 I4-, 5 , and 6 7 , Q, and 9



.
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Plan 3-6.9- l/3 replication of 6 factors in 27 blocks of 9

units each.

Factors: A, B, C, D, E, F.

I = AB 2CDE2F.

Completely randomized: All two-factor interactions are

measurable.

Block confounding: AC 2D2 E2F , AB2D2 E2 , ABCD2E2F2
, BC 2

F, ACDfE,

AD2F2
, ABC 2D2 , BEF2

, ABD2EF, CEF, BCE2 ABa CD2 F,

AB2
C
aDaEF2

.

With blocking: AH two-factor interactions except AB 2 and

DE are

1

measurable

•

2

Blocks

3 It 5

(1
2abcde 2

a2 e 2 ae bc 2 e a2 be 2

bcde a2bcd ab 2 d b3 de 2

abda efa bd a fa a2 bd a e 2 f2 ab 2
c
2 d 2 e 2 f2 b2 c 2 d 2 ef

aa bacfa ab 2 ce 2 f 2 b2 cef2 a2 ef 2
. . . afa .

cdaef aa cd a f acd 2 e 2 f bd a e 2 f a2bd2 ef
a2 b2 c 2 d2 e ab2 c

2 d 2 b 2
c
2 d 2 e 2 a2 cd 2 e 2 acd 2

e

a2 b2de 3 f ab2def b adf a2 c 2df ac 3 de 3f
abc a f bc a e a f a2bc 2 ef ab 2 cef b3 cf .

c
2 de 2 f2 a2 c 2 def2 ac 2 df2 bcdfa a2bcde 2 f :

6 7 8 9 10
“““ 1

abc 2 e 2 b 2 ce 2 a2b 2 ce ab2
c adf

a2 b 2 de ac 2de c a d a2 c 2 de 2 a3bcd 3 e 3
.

aa b3 c ad a fa aod a fa cd 2 e 2 f 2 a2 cd 2 ef2 a2 be
e a fa a2 bc 2

e 2 f2 abc 2 ef2 bo 2 fa b 2 cd
abd 2 f ba c ada f a2 b2 c 2 d 2 e 2 f ab 2

c 2 d 2 ef acef 2

cda a2 bda abd2 e 2 bd a e. ba c 2ef
c
a def a2bcdef abcdf bcde 2 f b ad a e a fa

a2 b 2 ce 2 f ae 2 f ef a2 f a2 bc 8dfa

abcdef2 b 2def2 a2 badfa ab 2 de 2 f2 ac 2 d2 e 2

(Continued next page)



.
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9

(Continued

)

11 12 13 lk 15

de 2 f a2 def abc 2def bc 2 df a3 bc 3 de 3
.

abcd 2 ef bcd 2 f a3 b3 d 3 f ab 3 d 2 e 2 f b 3 d2 ef
ab be 2 a2 b 2

c
2 e

2 ab3
c
3 e b 3 c 3

a2 b 2 cde 2 ab 3 cde de a3 d ade 3

cf2 a3 ce 3 f3 abe 2 f2 bef 2 a3bf 3

a2 b 2
c
2 f ab 3

c
3 e 3 f ce 2 f a2 cef acf

a2 b2 d 2 ef2 ab 3 d 3 f2 c
2 d2 f2 a2 c 2 d3 e 3 f2 ac 2 d 2 ef3

abc 2 de 2 f2 bc 3 def3 a2 b2 cdef2 ab 3
c d f2 b3 cde 3 f3

c
2 d2 e a3 c 3 d 3 abed 2 bcd 3 e 2 a3bcd 3 e

16 11 18 19 20

ab 2 cde 2 f b3 odef a2 b2 cdf a2 d 2 f2 ad 3 e 3 f3

a2 c 2 d2 ef ac 3d3 f c
2 d 2 e 2 f bce 2f 2 a3bcef3

a2 c ace 3 ce bdef a3bdf
bc 2 de 2 a3bc 2de abc 2d ab2 cd 2 f b3 cd 3 e 3 f
ab2

c
2 f2 b 2

c 3 e
3 f 3 a2 b2 c 2 ef 2 a3 ede acd

bf a3be 3 f abef ab 3
c
3 def 2 b 2

c
3df2

bcd 2 ef 2 a3 bcd 3 f 3 abcd 2 e
2 f 3 ab2

e
2 b 2 e

a2de 2 f2 adef2 df2 bc 3 d 2 a3bc 2 d 2 e

ab 2 d 2 e b2d 3 a2 b 2 d 2 e 2 a2 c 2 e 2 f ac 2 ef

21 22 23 2lfc 25

d2 ef2 a3bc 3 d3 ef3 abc 2 d 3 f 2 bc 2 d 3 e 3f 2 a2 b2 cd 2 e

abef2 b3 f2 a2 b3 e 2 f2 ab 2 ef2 c
2 ef2

abde 2f b 3 c 3de 3 f a2 b 2
c
3def ab3 c

2 df cdf
a2 b2 cd2 ef ad3 ef d 3 f a3 d 2 e 2 f abc 2 d 2 e 2

ede 2 a2bde 3 abde bd a2 b 2
c
3 d

a2 b 2 c
2 de 2 f 2 acde 3 f3 edef 3 a3 cdf2 abdf2

a2 b2 ac 3 c
3 e 3

'a
2
c
3 e abce

abc 2 d 2 e b 2 cd 3 e a3 b 2 cd 3 ab 2 pd 2 e 2 d 2 e 2

c
2 f a3bcf abce 3 f bceif * x . a2 b2 ef

3^2

a2 c 2 f 2

a2 cde 2 f
bc 2 d 2 ef
ab 2

c
2de 2

bde 2 f 2

be

a2bc 2 d 2 f
b 3

c
2 de

a2bdef2

a2 bce 2
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Plan 3-6.27. 1/3 replication of 6 factors in 9 blocks of

27 units each.

Factors: A, B, C, D, E, F.

I = ABg CDE gF .

Block confounding: AC gDgEgF , ABgDgEg , ABCDg Eg Fg , BC gF.

With blocking: AH two-factor interactions are measurable.

Blocks

Combine blocks of Plan 3-6.9 as follows:

1, 2, and 3

1

. lj , 5, and 6

2 3

7 , 8 , and 9

10, 11, and 12

5

13, ll) and 13 16, 17 and 18

6

7

19, 20, and 21

8

22, 23, and 2lj.

9

25, 26, and 27
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Plan 3,6.81. 1/3 replication of 6 factors in 3 blocks of 81

units each.

Factors: A, B, C, D, E, F.

I = AB 2 CDE2F .

Block confounding: AC 2D2E2F.

With blocking: AH two-factor interactions are measurable.

Blocks

Combine blocks of Plan 3*6.9 as follows:

1

1 through 9

2

10 through 18

3

19 through 27
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Plan 3.7.27* 1/3 replication of 7 factors in 27 blocks of 27

units each.

Factors: A, B, C, D, E, F, G.

I = AB3 CDE2 FG.

Completely randomized: All two-factor interactions are

measurable

.

Block confounding: AC 2D8E2F , AB 2D2E2 , ABCD 2E2F2 , BC S F, ACD2E ,

AD2 F2 , ABC 2D 3
, BEF2

, ABD 2 EF ,pEF, BCE2
, AB2 CD2F, AB2 C 2D2EF2 .

With blocking: All two-factor interactions are measurable.

Blocks

1

a)
abcde
abd 3 ef 3

a2 b 2 cf2

cd 2 ef
a2b 2

c
2 d2 e

a3b 2 de 3 f
abc 2 f
c
3 de 3 f3

adg
a3bcd2 e 2 g
a3bef 3

g
b 2 cdf 2

g
acefg
b 3

c
2 eg

b 2 d 3 e 2 f

g

a2bc 2dfg
ac 2 d 3 e 2 f 2 g
a2 d 3

g
3

bce 3
g
2

bdef2
g
3

ab3 cd 3 f 3
g
2

a2 cdefg3

ab 3
c
2 deg3

ab3 e
2 fg 3

bc 2 d 3 fg2

a3 c
3 e 3 f3 g

3

2

a2 e 2

bcde
bd 3 f3

ab 2 ce 2 f 3

a2 cd 3 f
ab2 c 3 d 3

ab 2 def
bc 2 e 3 f
a 3 c 3def2

de 3
g

abed 3 eg
abf 3

g
a2b 2 cde 3 f3 g
cfg
a3 b 3

c
2
g

a3 b 2 d 3 efg
abc 3 de 3 f

g

c
2 d 3 ef3

g
ad 3 e 3

g
a

a2bceg3

a2 bdf 2
g
2

b 3 cd 3
e 3 f3 g

2

aedfg2

b2 c 2 d g
3

b a efg 3

a2 bc 3 d 2 e
3 fg 3

ac 2 e fa g
2

3

ae
a2 bed
a2bd 2 e 3 f 3

b2 cef 3

acd 3
e
3 f

b 2
c
3 d 3 e 3

b2 df
a3 bc 2 ef
ac 2 df3

a3 deg
bcd 2

g
be 2 f 2

g
ab2 cdef 3

g
a3 ce 2 fg
ab 3

c
2
e
3
g

ab 3 d 3 fg
bc 3 defg
a 3 c 3 d 3 f 3

g
d 3 eg 3

abeg 2

abde 3 f 3
g
3

a3 b2 cd 3 ef 2
g
3

ede 2 fg2

a2 b 2
c
3 de 3

g
3

a 3 b3 fg 2

abc 2 d 2 efg 3

c
3 f3 g

3

k

bc 3
e

ab 2 d
ab 3

c
3 d 2 e 3 f 3

a3 ef 3

bd3 e a f
a2 cd 3 e

3

a3 c
3 df

ab3 cef
bedf3

abc 2deg
a2 ba d 2

g
a2b 2

c
2
e 3 f 3 g

def 2
g

ab e
2 fg

ce 3
g

c
3 d 3 fg

a3 b2 edef

g

abcd 3 f2 g
a2bc 2 d 2 eg2

b 3
g
a

b 2
c
2 de 2 f 2

g
3

ad 3 ef3
g
2

a3bde 2 fg 2

acde 3
g
2

ac 3 fg 3

b 3 cd 3 ef

g

3

a 3 bcf 3
g
3

f nov-h n Q rro 'l
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Plan 3.7.27 .

I

aabc a

b ade a

ba c a d a efa

afa

aabd3 ef
acd 2 e

ac a de af
ba of
aabcde a fa

bc adg
ab a d a e sg
ab a

c a efa
g

aa dfs
g

b|fg
a^ceg
a2 c

2 d 2 e 2 fg
ab 2 cdfg
bcd 2 e 2 f 2 g
abc 2 d 2

g
2

a
2 b2 e 2 g

a

a2 b 2 c
2 def2

g
2

d 2 f2 g
2

abdefg2

cdeg2

c
2
e
2 fg2

a2 ba cd a fg a

abce 2 f a
g
2

(Continued

)

6

abc 2 e
2

a2 b 2 de
a2 b 2 c 2 d 2 f2

e 2 fa

abd 2 f
cd a

c
2def

a2b 2 ce 2 f
abcdef2

a2bc 2 de 2
g

ba d 2 eg
b a c 2 f2g
ade 2 f 2 g
aabfg
acg
ac 2 d 2 efg
b2 cde 2 fg
a2bcd 2 ef 2

g
bc 2 d 2 e 2 g

2

ab2 eg2

ab 2 c^df2
g
2

a2 d 2 e 2 f2 g
2

bdfg 2

a2 cdg2

a2 c 2 efga

aba cd 2 e 2 fg2

bcef2
g
2

7

b 2 ce 2

ac 2 de
acd 2 f2

a2 bc 2 e 2 f 2

b2 c
2d 2 f

a2bda

a2bcdef
ae 2 f
b2 defa

ab 2 cde 2
g

a2 c 2 d2 eg
a2 c f2 g
bc 2 de 2

>

f2 g
ab2

c
2 fg

bg
pbcd 2 efg

a2 de 2 fg
ab 2 d 2 ef2 g
a2 ba cd 2

e
2
g
2

c
2 eg2

cdf2
g
2

abc 2 d 2 e
2 f2 g

2

a2 b 2 c 2dfg2

abdg2

abcefg2

d 2
e
2 fg 2

a2 b 2 ef 2
g
a

8

a2b 2 ce
c
2 d

cd2 e 2 f2

abc 2 ef2

a2b2 c ad a e 2 f
abd 2 e a _

abcdf
ef
a2b 2dfa

b2 cdeg
ac 2 d a

g
ace 2 f2g
a2 bc 2 def2 g
b 2

c
2 e 2 fg

a2be 2
g

a2bcd 2 fg
adefg
b 2 d 2f3

g
ab 2 cd 2 eg2

a2 c a
g
2

a2 cde 2 f 2
g
a

bc 2 d 2 ef2 g
2

ab a
c
2 de 2fg2

bde 2
g
2

bcfg 2

a2 d 2 efg 2

ab 2f2g
2

(Continued next page)
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Plan 3.7.27. (Continued)

9 10 11

ab 2
c

a2 c
2 de 3

a2 cd 2 ef3

bc 2 f2

ab 2
c
2 d 2 ef

bd 2 e

bcde 2 f
a2 f
ab2 de 2 f2

a2 b2 cdg
c
2 d 2 e 2

g
cef2

g
abc 2df2

g
a2b 2 c

2 efg
abeg
abcd2 e 2 fg
dfg
a3b 2 d 2 e 2 fa g
b2 cd2 g

2

ac 2 e 2 g
2

acdef2
g
2

a2bc 2d 2 f2 g
a

b 2
c
2 defg2

a2bdeg 3

a2bce 2 fg2

ad2 fg2

b 2 e 3 f2 g
2

adf
a2bcd 2 e 2 f
a2 be
b 2 cd
acef 2

b 2
c
2 ef

b 2d 2 e 2 f2

a2bc 2df2

ac 2 d 2 e 3

a2 d 2 fg
bce 2 fg
bdeg
ab2 ed 3

g
a2 cdef2

g
ab 2

c
3defg

ab2 e 2 f 2
g

bc 3 d 2 f2 g
a2 c 3 e 3g
fg2

abcde 3 fg 2

abd 3 eg2
•

a2 b 2 cg2

cd 2 ef2
g
2

a2 b 2
c
2 d 2 efg2

a2 b2 de 2 f2 g
2

abc 2 f 2
g
2

c 2de 2
g
2

de 2 f
abcd 2 ef
ab
a2 b 2 cde 2

cf2

a2 b2 c
2 f

a2b 2 d 2 ef2

abc 2 de 2 f2

c
2 d2 e
ad 2 e 2 fg
a2 bcefg
a2bdg
b 2 cd 2 e 2 g
acdf2

g
b2 c

2 dfg
b 2 ef3

g
a2 bc 2d 2

e 2 f 2
g

ac 2 eg
a2 e 2 fg 2

bcdefg2

bd 2
g
2

ab 2 ce 2
g
2

a2 cd 2 f^g 2

ab 2
c
2 d 2 fg 2

ab 2def2
g
2

bc 2 e 2 f2 g
2

a 2 c
2 deg2

(Continued next page)

i

12

a2def
bcd 2f
be 2

ab 2 cde
a2 ce 2 f 2

ab2 c 2 e
2 f

ab 2 d 2 f 2

bc 2 def2

a2 c 2 d 2

d 2 efg
abcfg
abde 2

g
a2b 2 cd2 eg
cde 2 f2 g
a2 b 2

c
2de 2 fg

a2b 2 f2 g
abc 2 d 2 ef 2

g
c 2

g
aefg2

a2bcdfg 2

a2 bd 2 e 2 g
2

b 2 ceg2

acd 2 e 2 f2 g
2

b 2
c
3 d 2 e 2 fg2

b 3dfa
g
3

a2bc 2 ef2 g
2

ac 2dg2
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Plan 3/7.27-

13

abc 2 def
aa b2 d 2 f
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plan 3,7,27, (Continued)
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Plan 3.7*27. (Continued)
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Plan 3.7.27, (Continued)
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Plan 3* 7*81* 1/3 replication of 7 factors in 9 blocks of

81 units each.

Factors: A, B, C, D, E , F, G.

I = ABg CDEa FG .

Block confounding: AC gDgEa F , ABg DgEg , ABCDgEg Fg , BC a F.

With blocking: All two-factor interactions are measurable.

Blocks

Combine blocks of Plan 3*7*27 as follows:

1 2 3

7, 8, and 91 , 2

,

and 3 I) , and 6

10 , 11 , and 12

£

13, 111, and 1$ 16, 17, and 18

6

19, 20, and 21

7 8

22, 23 , and 2l|

9

2^, 26, and 27
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Plan 3*7«2l|3- 1/3 replication of 7 factors in 3 blocks of

21^3 units each.

Factors: A, B,.C, D, E, F, G.

I = AB2 CPE2 FG .

Block confounding: AC 2D2 E2 F .

With blocking: All two-factor interactions are measurable.

Blocks

Combine blocks of Plan 3«7*27 as follows:

1

1 through 9

2

10 through 18

3

19 through 27
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Plan 9.6.3* 1/9 replication of 6 factors in 2? blocks of 3

units each.
/

Factors: A, B, C, D, E, F.

I = ACDE = BC 3DE3 F = ABDa F = APS C 3E3 F2 .

Completely randomized: AH two-factor interactions except the

following are measurable: AB, AC, AD, AD 2
, AE, AF, BD2

,

BF, CD, CE, DE, and DF2
.

Block confounding: AC_, BC, ABC 2
, AB 2

, BF, ABCF, BC 2F2 , AB2 C 2 F,

AF, AB3 CFs , CF3 , AC 3 F3 , ABF3 .

With blocking: The following two-factor interactions are

measurable: AC 2
, AE2

, AF2
, BC 2

, BD, BE2
,BF2

, CD2 , CF, DE2

and EF.

Blocks
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Plan 9«6 c3 (Continued

)

19 20

a2 d 2 e 2 a2 ef
bc 2 ef 2 bc 2d
ab 2 cdf ab 2 cd 2

e
2 fa

25

abcdf2

as b 2 d 2 e 2 f

21 22

a2 df 2 acd
bc 2 d 2

e
2 f a2bd 2 e 2 f 2

ab 2 ce b 2
c
2 ef

26

c
2df

abcd 3 e 2

a2 b2 ef2

t

23 2ji

acd 2 e 2 f acef2

a2 be a2bdf
b2 c s df 2 b2 c 2d

27

c 2 da e 2 fa

abcef
a2 b2 d



.

;



- 45 -

Plan 9°6«9* 1/9 replication of 6 factors in 9 blocks of 9

units each.

Factors: A, B, C, D, E, F.

I = ACDE = BC aDEaF = ABDaF = ABs
C
a Ea F*

Block confounding: ABC 8
, AD , ABaCDa , BC aDa .

With blocking: All two-factor interactions except the

following are measurable: AB, AC, AD, AD2 , AE, AF, BD2 ,

BF, CD, CE, DE, and DF2 .
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Plan 9-6-27* 1/9 replication of 6 factors in 3 blocks of

2? units each.

Factors: A, B, C, D, E, F.

I = ACDE = BC 2DE2 F = ABD2F = AB2 C 2 E2F2 .

Block confounding: AC.

With blocking: AH two-factor interactions except the

following are measurable: AB, AC, AD, AD2
, AE, AF,

BD2 , BF, CD, CE, DE, and DF2
.

Blocks

Combine blocks of Plan 9-6.3 as follows:

1 2

1 through 9 10 through 18 19 through 27
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Plan 9 - 7 - 9 - 1/9 replication of 7 factors in 27 blocks of 9

units each.

Factors: A, B, C, D, E, F, G

.

I = ABODE = CD2EF2 G2 = ABC 2E2F2 G2 = ABD2 FG.

Comple tely randomized : All two-factor interactions are

measurable

•

Block confounding: ABa C , BCG, AC 2G, ABG2 , BF2G 2
, ACF2G2 , BC 2 F,

ABC 2F2 , AB2 F2G, ABCFG, CFG2 , AB2
C
2FG2

, AF.

I

With blocking: AH two -factor interactions except the

following are measurable: AF, CD, and EG.
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Plan 9«7*9«
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Plan 9.7.27. 1/9 replication of 7 factors

units each.

Factors: A, B, 0 , D, E, F, G.

I = ABODE = CD3EF3G3 = ABC 3E3F3 G 3 = ABD3 FG.

Block confounding: AB3
C , BCG, AC 3G, ABG3

.

With blocking: AH two-factor interactions

Blocks

Combine blocks of Plan 9 * 7*9 as

1 2

1 , 2 , and 3 $, and 6

k 5

10 , 11 , and 12 13 , li\

,

and Ip

in 9 blocks of 27

are measurable,

follows

:

3

7 , 8, and 9

6

16, 17, and 18

7

19, 20, and 21

8

22, 23, and 2

4

9

25, 26 , and 27
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Plan 9«7-8l» 1/9 replication of 7 factors in 3 blocks of 81

units each*

Factors: A, b, C, D, E, F, G.

I = ABCDE = CP2EF2 G2 = ABC 2E2F2G2 = ABD2 FG.

Block confounding: AB2 C .

With blocking: AH two-factor interactions are measurable.

Blocks

Combine blocks of Plan 9*7*9 as follows:12 3

1 through 9 10 through 18 19 through 27
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Plan 9-8-27- 1/9 replication of 8 factors in 27 blocks of

27 units each.

Factors: A, B, C, D, E, F, G, H.

1 = ABCDEH3 = CD2 EF2 G2 = ABC 2E2 F2G2 H2 = ABD 2 FGH2
.

Completely randomized: All two-factor interactions are

me asurable

.

Block confounding: AB2 CH , BCGH2 , AC 2 G, ABG2 H2 , BF2 G2H ,

ACF2 G2H2 , BC2F, ABC2F2 H, AB2 F2G, ABCFG, cfg2 h, ab 2
c
2fg 2h2 ,

AFH.

With blocking: AH two-factor interactions are measurable.

Blocks

1

ab2 cd 2 f2

a2 b2 e 2 fg
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b 2 d 2 ef 2 h2
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g
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2
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a2 b 2

c
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abc 2
g
2 h

ab2 d 2
e
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b 2 cdf

g
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a2 d 2 f2

g
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bd 2 efgh
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c
2 d 2 ef2

g
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bc 2 d 2h2
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c
2 d 2

e
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a2 b 2
c fh^

(Continued next page)
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Plan 9.8.27.

£

a2cde 2 f 2

b2 c 2 e 2 f
ab2 cdeg
a2 bc 2 ef 2

g
ac 2

g
2 ~

abd 2
e
2

bcdfg2

a2 b2 d2 f3 g
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da efg
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(Continued

)

6
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a3 b 2 cgh2

8

a2 cde 2 fg
b2 c

2 e 2 g
ab 2 cdef 2

g
2

a2 bc 2 efg 2

ac 2 f2

abd 3 e
3 f2 g

bed
a2 b2d2 f
d 2 eg2

abc 2 d 2 efh
a3deh
c
2d2 f3gh

ab2dfgh
bde 2 f2 g

2h
b 2 cef2 h.
a2 b 3

c
2 d a e

2
g
2h

ace 2 fg 2h . .

a8bcgh
b2 f

g

2h2

abcd2
g
2h2

a2 be 2 f 2h2

cd s e 2fh2

a2 b2 cd 2 ef2gh2

a2 c
2 df 2

g
2h2

aegh2

bc 2 defgh2

ab 2
c
2 de 2h2
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Plan 9,8,27

9

ac 2 d 2 ef
a2b 2 de
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(Continued

. (Continued)

10

bc 2 d 2 ef
ade
a2 c 2 d 2 f2 g
b2 dfg
a 2 bde 2 f2 g

2

a2 b 2 cef 2
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Plan 9*8.27 (Continued

)

13

bc 2 d 2 eg
adef2

g
a2 c

2 d 2 fg 2
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a2 b 2 cefg
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a2 d 2 efgh2

(Continued next page)





55

Plan 9-8«27«

17
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(Continued

)
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Plan 9 * 8 . 27 *
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(Continued

)

22

b2 cde 2 fg
abc 2

e
3
g

a2bcdef2
g
2

c
2 ef

g

2

a 2 b2 c
2 f2

a2d 2 e 2 f2g
acd
bd 2 f
ab 2 d 2 eg 2

a2 c
2 d2 efh

b 2deh
ab2 c

2 d 2 f 2 gh
a2 bdf e:h

ade 2 f^g
2h

abcef 2 h
bc 2 d 2 e

2
g
2h

a2 b2 ce 2 fg 2h
cgh
abfg2h2

a2 cd2 g
2h2

e 2 f2h2

ab 2 cd 2
e
2 fh2

bcd2 ef2 gh2

b2 c 2 df ;3
g
2 h2

a2 b 2 egh
ac 2defgh2

a2 bc 2 de 2h2

23

a2 b 2
c
2 d 2 ef

bde
abc 2 d 2 f2 g
a2 dfg
ab 2 de 2 f2 g

2

acef2

c
2 d 2 e

2
g
2

a2bce 2 fg2

b2cg
afg

2 h
a2 b2 cd 2

g
2h

b 2 e
2 f 2h

abcd 2
e
2 fh

cd 2 ef2 gh
bc 2 df2 g

2h
a2begh
ab 2

c
2defgh

a2 c 2 de 2 h
bcde 2 fgh2

ac 2 e 2 gh2

a3 cdef 2
g
2 h2

b 2 c
2 efg 2 h2

a2 bc 2 f 2h2

a2 b 2 d 2
e
2
f 2gh2

ab 3 cdh2

d 2 fl?
abd2 eg2 h2

§

k

ab 2 fg 2

a2 bcd 2
g
2

be 2 f2

acd 2 e 2f
b 2 cd 2 ef 2

g
c
2 df 2

g
2

a2 eg
abc 2 defg
a2 b2 c

2 de 2

cde 2fgh .

ab2 c
2 e 2 gh

a2 b 2 cdef 2
g
2h

bc 2 efg 2 h
a2 c 2 f2h
a2bd2 e 2 f 2 gh
abcdh
b2 d2 fh
ad 2 eg2h
a2 bc 2 d 2 efh2

deh2

ac 2 d 2 f 2 gh2

a2 b 2 dfgh2

abde 2 f 2
g
2h2

ab2 cef 2h2

b 2
c
2 d 2 e

2
g
2 h2

a2 ce 2 fg 2h2

bcgh2

(Continued next page)



.

,



57

Plan 9«8«37 « (Continued)
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Plan 9«8.8l. 1/9 replication of 8 factors in 9 blocks of

8l units each.

Factors: A, B, C, D, E, F, G, H.

I = ABCDEH2 = C,D
2EF2G2 = ABC 2E2 F2 G2 H2 = ABD2 FGH2

.

Block confounding: AB2 CH, BCGH2
, AC

2G, ABGaH2 .

With blocking: AH two-factor interactions are measurable.

Blocks

Combine blocks of Plan 9*8 *27 as follows:

19, 20, and 21

It

10, 11, and 12

1 , 2 , and 3

7

1 2

'

1 1 , 5 , and 6

£

13, 1 , and 15

8

22, 23 , and 2l). 25, 26, and 27

16, 17, and 18

3

7, 8, and 9

6

9



3 V'
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Plan 9 - 0 - 2i|3 - 1/9 replication of 8 factors in 3 blocks of

2l|3 units each.

Factors: A> B, C, D, E, F, G, H.

I = ABCDEH2 = CD2EF2G2 = ABC 2E2 F2G2 H2 = ABD2FGH2
.

Block confounding: ABg CH .

With blocking: All two-factor interactions are measurable.

Blocks

Combine blocks of Plan 9*8*27 as follows:12 3

1 through 9 10 through 18 19 through 27
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Plan 27»7«3» 1/27 replication of 7 factors in 27 blocks

of 3 units each.

Factors: A, B, C, D, E, F, G.

I = ACDEF2 G = BC3EF2 G = ABDE2 FG2 = ABa
C
2D = ABCEG 2 =

AB 3 CD2EF = AB2E2F2 = ABC 2D2 F2 G2 = AD2 E2G = BD2FG =

AC 2 FG = CD2 E2 Fa = BCDE2 G.

Completely randomized: The following two-factor Interactions

are measurable: AB, AC, AE, AG2 , BC 2
, BD, BE2

, BF2 ,

BG2
, CD, CE, CP, CG, DE2

, DG, EF2 , EG, FG2 .

Block confounding: AF, DF, ADF2 , AD2
, AC 2DF , ACDS F, ACaDa F2 ,

ACD, ACF2
, CD2 , AC 2

, CF, CDF2 .

With blocking: The following- two-factor interactions are

measurable: AB, AC, AE, BD, BF2 , CD, CE, CG, DG, EF2 ,

EG, FG 2
.

Blocks12 3 4

(1
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a2 b2 c
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g
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g
2
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Plan 27-7*3» (Continued)
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Plan 27* 7*9 . 1/2? replication of 7 factors in 9 blocks of

9 units each.

Factors: A, B, C, D, E, F, G.

I = Same as Plan 27 . 7.3

Block confounding: AF, DF, ADF2 , AD2 .

With blocking: The following two-factor interactions are

measurable: AB, AC, AE, AG2 , BC 2
, BD, BE2 , BF2 , EGa ,

CD, CE, CF, CG, DE2 , DG, EF2 , EG, FGa .

Blocks

Combine blocks of Plan 27*7*3 as follows:

1, 2, and 3 I4., and 6 7, 8, and 9

4 6

10, 11, and 12 13, ll+, and 15 16, 17 , and 18

I £ 2

19 , 20, and 21 22, 23 , and 2l\. 2£, 26, and 27y
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Plan 27*7*27 * 1/27 replication of 7 factors in 3 blocks of

27 units each.

Factors: A, B, C, D, E, F, G.

I = Same as Plan 27.7*3*

Block confounding: AF.

With blocking: The following two-factor interactions are

measurable: AB, AC, AE, AG2
, BC2 , BD, BE2 , BFa , BGa ,CD,

CE, CF, CG, DE2 , DG, EF2 , EG, FG2 .

Blocks

Combine blocks of Plan 27.7*3 as follows:

1

1 through 9

2

10 through 18

3

19 through 27
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Plan 27.8.9 ' l/27 replication of 8 factors in 27 blocks of

9 units each.

Factors : A, B, C, D, E, F, G, H.

I = BCDEFG = ACDE2F2 H = ABC2D2GH = AB2EFG2H = ABD2 E2 F =

AB2 CF2G = AB2 C 2E2 H2 = ABCD 2EF2G2 Hs = adfgh
2 = ac 2deg2 =

bc 2df2h2 = ce2fg2 h2 = bde2g 2
h.

Completely randomized: AH two-factor interactions are

measurable

.

Block confounding: ABC 3EF3 , ABa C aDF , AC 2D2 E2 , BDEaF2 , ABa CDa P f

ADE2 , ABaF, ABDaEFa , ACE2
, BC

2D2E2Fa , CD2 , BCE2 F2 , ABCDEF2 ,

O rv r-v

With blocking: All two-factor interactions except AHs
, EFSCO

and BG2 are measurable.
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Plan 27.8,9.
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(Continued)
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Plan 27.8.9* (Continued)
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Plan 27 . 8 , 27 . 1/27 replication of 8 factors in 9 blocks of

27 units each.

Factors: A, B, C, D, E, F, G, H.

I = Same as Plan 27 . 8 . 9 *

Block confounding: ABC 3 EF2
, ABfcfDF, AC 2D2 E2 , BDE2F S

.

With blocking: AH two-factor interactions are measurable.

Blocks

Combine blocks of Plan 27 . 8.9 as follows:

1 2 3

7, 8, and 91, 2, and 3 • 4 , 5, and 6

k

10, 11, and 12

£

13, ll|, and 15 16, 17 , and 18

6

7

19 , 20, and 21

8

22, 23 , and 2l|

9

25 , 26 , and 27
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Plan 27.8 .81 . 1/27 replication of 8 factors in 3 blocks of

81 units each.

Factors: A, B, C, D, E, F, G, E.

I = Same as Plan. 27 . 8 . 9«

Block confounding: ABC a EF8 .

With blocking: AH two-factor interactions are measurable.

Blocks

Combine blocks of Plan 27 . 8.9 as follows:

1

1 through 9

2

10 through 18

3

19 through 27





Plan 27 .9.37 . 1/27 replication of 9 factors in 27 blocks

of 27 units each.

Factors: A, B, C, D, E, F, G, H, J.

I = BCDEFG = ACDE2F3H = ABC 2D2 GH = AB2 EFG 2 H = ABD2E2FJ =

AC2DEG2 J = BC 2DF2 H2 J = CE2 FG 2 H2 J = BDE aG 3HJa .

Completely randomized: All two-factor interactions are

measurable

.

Block confounding: ABC 2EF2 , AB2 C 2DF , AC s
t)
3E2

, BDE 2F2
,

AB3 CD3E , ADEF, AB2E2 F2 , ABB2
, ACF2 , BC 2D2 F, CD3 E2F,

BCE, abcde2
f.

With blocking: AH two-factor interactions are measurable.

ab3 cf2gj = AB3 C
2 E2 H2 J

3 = ABCD2 EF2G2 H2 J
3 = adfgh2 j:
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Plan 27 *9*27. (Continued)
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Plan 27«9*27» (Continued)
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Plan 27*9*27 , (Continued)
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Plan 27-9-27. (Continued)
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plan 27.9*27 •
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Plan 27 . 9 - 2 ?. (Continued)
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Plan 27. 9.81 . 1/27 replication of 9 factors in 9 blocks of

81 units each.

Factors: A, B, C, D, E, F, G, H, J.

I = Same as plan 27.9.27.

Block confounding: ABC 2EF2
, AB^C^DP, AC 2 D2 E2 , BDE2F2 .

With blocking: All two-factor interactions are measurable.

Blocks

Combine blocks of Plan 27.9*27 as follows:

1 2 3

7, 8, and 91, 2, and 3 L| , 5> > and 6

k s

13, Xlj , and 15

6

10, 11, and 12 16, 17 , and 18

7

19, 20, and 21

8

22, 23, and 2i).

9

25, 26, and 27
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Plan 27.9.243 . 1/27 replication of 9 factors in 3 blocks

of 2I43 units each.

Factors: A, B, C, D, E, F, G, H, J.

I = Same as Plan 27.9.27.

Block confounding: ABC 2 EFa «

With blocking: AH the two-factor interactions are measurable.

Blocks

Combine blocks of Plan 27 * 9*27 as follows:12 3

1 through 9 10 through 18 19 through 27
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PI an 81.8.3 . l/8l replication of 8 factors in 27 blocks

of 3 units each.

Factors: A, B, C, D, E, F, 0, H.

I = ACDEF3G = BC 3EF3G = ABDE3 FG 3 = AB3 C 3D = ABCBG 3 = AB3CD3 EF

AB 3E3F 3 = ABC 3D3 F3G3 = AD3E3G = BD3 FG = AC a FG = CD3E3 F3 =

bcde3g = AB3CD3 E3F3G 3H3 = ABCFaH = AD3
F'H

3 = ac 3e3 g 3 h =

ab3 efgh = acdfg3 h = efg3h3 = ab3
c
3de3f3 gh = bc 3e3h3 =

BC 3 PG 3H = ABCEa FGH3 = HCDEF3G 3H = AB3 G3 H3 =

BD3E3G3H = ABC 3D3EGH3 = BCDFH3 = CDaEFGH =

AB3CD3 GH = CD3G 3H3 = AD3EF3 G3 H = AB0 3D3 E 3 EH

AC 3 EF3Ha =

BD3EF3H3 =

= ACDEaH3 =

ABDE.'H = AB3 C 3DEFG 3H3 = ABDF3 GH3 .

Completely randomized: The following two-factor interactions

are measurable: AB, AC, AE, AH, RD, RF3 , BG3 , CD, CF,

CG, DE3 , DH3 , EF3 , EG, FH, GH3
.

Block confounding: AB^, PH3 , AH3 , A PH , APOD , AC
3D3 , ABaCDH3

,

AB3 C3D3 H, ABC 3 D3H3 , BC 3D3
, ACDH, BCDH, CDH3

.

With blocking: The following two -factor interactions are

measurable: AB, AE, AH, RF3 , BG3
, CD, CF, CG, DE3 ,

DH3 , EF3 , GH3 .

Blocks

(1)
aa b3 cde 2 fgha

abc 2 d a ef a
g
ah

a2 b2 gha

abcde 3 fg2h
c a d a ef 2

4

abg 2h
cde 2 f
aa b a

c
2 d a ef a gh a

efa gha

aa b a cdg 2 h
abc 3 d 2 e

a f

(Continued next page)
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Plan 81.8.3* (Continued)
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Plan 81 ,6 >9 « l/8l replication of 8 factors in 9 blocks of

9 units each.

Factors: A, B, C, D, E, F, G, H.

I = Same as Plan 81.8. 3.

Completely randomized: The following two-factor interactions

are measurable: AB, AC, AE, AH, BD, BF3 , BG3 , CD, CF,

CG, DE3
, DH3 , EF3 , EG, FH, GH3

.

Block confounding: AB3 , BH3 , AH3 , ABH.

With blocking: The following two-factor interactions are

measurable: AB, AC, AE, AH, PD, BF3 , BG3
, CD, CF, CG,

DE3 , DH3 , EF3 , EG, FH, GH3 .

Blocks

1 2 3

1, 2, and 3 4, 5, and 6 7, 8, and 9

h

10, 11, and 12

5

13, ll(-, and 15 16, 17, and 18

6

7

19 , 20, and 21

8 9

22, 23 , and 2l+ 25 , 26, and 27
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Plan 81.8. 27 . l/8l replication of 8 factors in 3 blocks of

27 units each.

Factors: A, B, C, D, E, F, G, H.

I = Same as Plan 8l .8 .3 •

Block confounding: AB2 .

With blocking: The following two-factor interactions are

measurable: AB, AC , AE, AH, BD, BF2 , BG2 , CD, CF, CG, DE2 ,

DH2 , EF2
, EG, FH, GH2 .

Blocks

Combine blocks of Plan 81 .8.3 as follows:

1 2 3

1 through 9 10 through 18 19 through 27
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Plan 81.9.9 . l/8l replication of 9 factors in 27 blocks of

9 units each.

I = BCDEFG = ACDEaFaH = AEC aDaGH = ABaEFG a H = ABDaEaFJ =

ABa CFaGJ = ABa C aEaHa Ja = AECDaEFaGa Ha J
2 - BDEa GaHJa =

AC aDEGa J = BC aDFa Ha J = CEaFGa Ha J = ADFGH2 Ja = ABC aEFa =

ABaDEaG = ABaDaFa Ha = ABC aDEaFGaHa = BCFaGaH = ABCD

J

a =

AEa Fa Ga Ja = BEFH2 Ja = CDGHJ = AC aDaEa FaGHa J = BDaFa GJa =

ADaEHJs = ABCEaFGHJ® = ABaCDa Ea GaHJ = ACDa FGa = BCDaEaHa =

DEFaGaHa = ACEGH3 = CDaEF3 J = BC aEaGJ = AC a FHJ = ABDEFaGHJ =

ABa C
aDFaG aHJa = ABa C aDaEFGJa = AB2 CDEFH3 J = ABGaHa J =

BC aDaEFGa HJ.

i

Completely randomized: All two-factor interactions are

measurable, u , J., * • . -

Block confounding:.: AG% FGH, AFH, AF^GH2 , FG2 .]
8

, AFGJ2 , FHa J,

AF2Ga HJa s AH2 J2 , AF*J, GHa J2 , AGHJ, AFGaHa J.

With blocking: AH two-factor interactions except the following

-are measurable: AG3 , BFa , CJ2 , DE, DHa
, EH.

Factors: A, B, C, D, E, F, G, H, J

Blocks
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Plan 8l.9«9 « (Continued)
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Plan 8l«9«9» (Continued)
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Plan 81.9.27 . l/8l replication of 9 factors in 9 blocks of

27 units each.

Factors: A, B, C, D, E, F, G, H, J.

I = Same as Plan 8l.9»9»

Block confounding: AB3
C
3 DF, AB3 CD3 E, AB2 E3F3

, CD2E2F.

With blocking: AH two-factor interactions are measurable.

Blocks
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plan 8l,9>27, (Continued)
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Flan 81.9.27 . (Continued)
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Plan 81.9*81 * l/8l replication of 9 factors in 3 blocks of

81 units each.

Factors: A, B, C, D, E, F, G, H, J.

I = Same as Plan 81. 9* 9.

Block confounding: AB3
C
2 DF ,

With blocking: All two-factor interactions are measurable.

Blocks

Combine blocks of Plan 81.9*27 as follows:

2

b ,

‘

5 f and 6

1

1, 2, and 3

3

7, 8, and 9
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Plan 2I13.9.3 . 1/243 replication of 9 factors in 27 blocks

of 3 units each.

Factors: A, B, C, D, E, F, G, H, J.

I = BCDEFG = ACDE2F2 H = ABC 3 D3GH = AB2EFG2H =ABD2E2FJ =

AB2CF2GJ = AB3 C 3E2H3 J3 = ABCD2EF2G3H3 J2 = BDE2G2 h j
3 =

AC 2DEG2 J = BC 2DF2 H3 J = CEaFGsHa J = ADFGH3 J® =

ABC 2EF2 = AB2DEaG = ab2d2f2h3 = ABC 2 DE3 FG 2H3 = BCF3 G2 H =

ABCDJ3 = AE2 F2 G2 J2 = BEFHS J2 = CDGHJ = AC
2 DSE8F3GH2 J'

=

BD2 F2 GJ2 = ADSEHJ2 = ABCE2FGHJ®= AB2 CD2E2G2H«T =' ACDa FG2 =

BCDsE3H2 = DEFsGaH2 = ACEGH2 = CD2EF2 J = BC2E2GJ = AC aFH J =

ABDEFSGH J = AB2 C 2DF2G3HJ2 = ABa C 3D2EFGJ3 = AB3CDEFHa J =

ABGaH2 J = BC 2D2EFG2HJ = AB2 C 2DF = AD2EF3G = ABDEH2 =

AC2 F2 G2H2 = CD2EG2H = ACEFJ2 = AB 2D2 G 2
J® = DEFHJ =

bcd2e2f2ghj = abc 2efgh2 j = bef2g2 j = ABF2HJ® = AB2 CDEGHJ2 =

ABCDFG2HJ = AC 2D2E2 = AB2 CDEF2Gs = CDFH2 = BEGH = ABCDF2GH2 =

BCFJ = BGD2E2FG2 J
2 = ABC 2DE2HJ = AB2D2FGHJ = ABC 2EG2HJS '= '

AC SGJ2 = abce2f2h2 j = AD2EFG 2H2 J = CD2EFGH2 J
s = BC 2DG2 '=

abcd2efh = ab2c 2e2 f2gh = ABD 2 E2 F2G2 H = AB 2EJ'= acde2fgj =

ABC 3D2 FH2 J
2 = acde2g 2h2 j2 = fg2 hj3 = AB2 C 2E2 FG2 J = CEa HJ2 =

bc2dfghj® = abd2e2gh2 j
2 = abce2g3 = bc 2e2fh = bd2 fg2h2 ='

AB2CD2E2FGH2 = bc 2d2ej2 = cdf3g2 j2 = ab2 c 2d2ef3
h<t = ae3ghj =

AC 2D2E2FG2 HJ2 = abc 2de2 f2gj2 = acd2 h2 j = ab2de2 f2 g2h2 j‘=

bcgh2 j® = bde2f2 = ce2 f2g = ab2ch = ac 2defgh = adg2h’=

adf2 j = abcd2egj = ac 2def2 h2 j2 = ab2 cfg2 h2 j2 = BDEa PGHa J =

ABC 2D2F2 G2 J = BCDEF2HJ2 = bcdeg2hs j = AB2EF2 GH2 J2 = ABFG =

AE2FH2 = AB2 C
2D2EG2H2 = BC 2D2EF2GH2 = AB3 CD2E3 F2 J3 = ABDEFG 2

J
2

BD2 HJ = BC 2E2F2 G2 H2 J
2 = AB 3

C
3DGH2 J = DEG

J

2 = AB2DE2FHJ2 =

ACD2 F2GHJ2 = ACEFa G a HJ.

(Continued next page)
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Plan 2I43.9.3 . (Continued)

Completely randomized: No two-factor interactions are

measurable

•

Block confounding: ABC 2
, 3C, AB2

, AC, OH, ABC 2 GH, BCGH,

AB2 GH, ACGH, ABC 2 G2 H2 , bcg2 h2 , AB2 G2H2 , acg2 h2 .

With blocking: No two-factor interactions are measurable

•

Blocks
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Plan 2li3«9«3« (Continued)
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Plan 2 \\3,9*9 * I/2 I4.3 replication of 9 factors in 9 blocks

of 9 units each.

Factors: A, B, C, D, E, F, G, H, J.

I = Same as Plan 243.9*3*

Block confounding: ABC3
, BG , AB3

, AC.

With blocking: No two-factor interactions are measurable.

Blocks

Combine blocks of Plan 243*9*3 as follows:

1

1, 2, and 3

4

10, 11, and 12

2

4, 5, and 6

13, l4 > and

3

7, 8, and 9

6

16, 17, and 18

7

19, 20, and 21

8

22, 23, and 24

9

25, 26, and 27
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plan 2[|_3,9»^7 > I/2I43 replication of 9 factors in 3 blocks

of 27 units each.

Factors: A> B, C, D, E, F, G, H, J.

I = Same as Plan 2 Ip3 • 9 • 3

•

Block confounding: ABC 3
.

With blocking: No two-factor interactions are measurable.

Blocks

Combine blocks of Plan 2 14.3 • 9 • 3 as follows:

I 2 2

1 through 9 10 through 18 19 through 27
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Plan 2lj-3-lQ»9 » 1/243 replication of 10 factors in 27 blocks

of 9 units each.

Factors: A, B, C, D, E, F, G, H, J, K.

I = BCDEFG = ACDE3F3H = ABC 2D3GH = AB2EFG2H = ABD2B2FJ =

AB2CF2GJ = AB2 C aE2 H2 J2 = ABCD3EF2G2 H3 J2 = BDE2G 2HJ2 =

AC 2DEG2 J = BC2DF2H2 J = CE2 FG 2H2 J = ADFGH2 J
2 = ABC 2EF2 =

AB3DE2 G = AB2DsF2 H3 = ABC 2DEs FG2H2 = BCFa GaH = ABODJ2 =

AE2F2G2 J2 = BEFH2 J2 = CDGHJ = AC2D2 E2 F3 GH2 J = BD2 F2GJ2 =

AD2EHJ2 = ABCE3 FGHJ2 = AB3 CD2E3 G3 HJ = ACDa FG2 = BCD2 E2 H2 =

DEFs G aH2 = ACEGH2 = CD2EF3 J = BC 2 E3 GJ = AC 3FHJ = ABDEF3 GHJ =

AB3
C
2DF2 G2HJ3 = AB 3

C
3D3EFGJ3 = AB2 CDEFH2 J = ABG3 H3 J =

bc 2d2efg3hj = ab3
c
3dfk = ad2ef2gk = abdeh3k3 = ac

2 f2g2h3k 3 =

0D2EG3HKa = ACEFJ3K2 = AB2D2 G3 J3K3 = DEFHJK = BCD2E2 F3 GH JK =

ABC aEFGH3 JK = bef3 g2 jk2 = A3FaHJ3K = ab3cdeghj3k =

ABCDFGaHJK2 = AC 3D3E2K3 = AB3 CDEF2 G3K2 = CDFlfK2 = BEGHK =

ABCDF3 GH2K = BCFJK = BCD3 E3 FG 3
J
3K2 = ABC 2DE2HJK = AB2D3 FGHJK

ABC2EG2 HJsK3 = AC 3 GJ3K = ABCE3 F3H3 JKa = AD3EFG aH2 JK
2 =

cd2efgh2 j3k = BC 2DG 2K 2 = ABCT)
3EFHK = AB 2

C
2E3 F2GHK =

ABD3E3 F2G3HK2 = AB2EJK = ACDE S FGJK = ABC 3D3 FH3 JaK2 =

ACDE3G2H3 JaK3 = FG3HJ2K2 = AB2 C 3 E2 FG a JK2 = CE2 HJ2K =

BC3DFGHJ2K = AED 3E2 GH2 J2K = ABCE3G 2 K = ec 2e3 fhk2 = bd3 fg3h2k

ab2 cd2 e3 fgh2k2 = bc2 d2ej3k = odf2 g2 j2 k =

AEaGH JK3 = ac 3d3e3 fg3 hj3k = abo2de3 f3 gj3k

AB3DE3F3 G3H2 JK = BCGHs J2K2 = Bt>E
3 F3 K = CE

ACsDEFGHKa = adc-
3 hk = adf2 jk

3 = abcd3egjk

ab2
c
2b3ef2hjk2 =

2 = ACD aH2 JK =

3 f3gk 2 = AB3 CHK2 =

3 = ac 3def3h3 j2 k =

ab3 cfg2 h3 j2k = bde3 fgh3 jk2 = ABC 3 D2 F3 G3 JK = bcdef2 hj3 k3 =

bcdeg3h2
,jk = ab 2ef3 gh2 j3k3 = ABFGK2 = AE2 FH3K =

ab3 c 3d2eg3 h 3
tc = bc sd3ef,3 gh3 k2 = ab3 cd 3 e3f3 j2k = abdefg 2 j3k =

BDaHJK2 = BC3 E2 F3 G3 H3
J3 K = AB3 C 3 DGH2 JK2 = DEGJ3K 2 =

AB3DE2FHJ3K3 = acd3 f2 ghj3k2 = acef3 g3 fjk.

(Continued next page)
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Plan 243.IO.9 (Continued)

Completely randomized: All two-factor interactions are

measurable

.

Block confounding: FH3 J , FGH , FG3
J
2

, GH2 J2 , AG£, AFG3H3 J,

AFH, AF3
J, AGHJ, AF2G2HJ3 , AF3GH2

, AFGJ2 , AH3 J2 «

With blocking: All two-factor interactions except the

following are measurable: AG3
, BF3

, CJ3 , DE, DH3
, DK3 ,

EH, EK, HK3 .

Blocks

1

,

(1

)

a2 bc 2 f

g

3
j
3

bcd2 efh2 jk 2

a2 b2 d2 e f3 g
2h2 k3

a2cde 2
g
2h jk

ab 2 cf2
g j

b 2
c
2 de 2 f2h

j

2 k
abde 2 fghk
ac 2 d 2 egh2 j

2 k 2

k

bdf

j

3ka

a3 b2 c
3df3 g

a jk2

b a cef2h2 k
a2 eg2h2 j

2k
a2bcd 3 e 2 fg2h
acdgk 3

c
2 d 2 e

3hj
ab 2 d 2 e 2 f 2 gh

j

3

abc 2 efgh2 jk

2

d 2 ef

g

2
j
2

a3 bc 2 d 3 ef 2
g

j

bcde 2 f 2
g
2h3k2

a2 b2 de 2 gh2 j
2 k2

a2 c fghk
ab 3 cd 3

e

b 2
c
2
g
2h jk

abf 3 h j
2 k

ac 3 de 2 fh3 jk 2

£

bef3
g
2 jk 2

a2b 2
c
2 egk2

b 3 cd2
e 2

g
2h2

j
2k

a 2d 2 e 2fgh3
jk

a3 bcdf 2 gh j"

acef j
2 k2

c
3 dfg 2 h

ab 2 dh

j

abc 2 d 3 e 3 f3h3 k

3

de 2 f2g j

a2 bc 2 de 2

bcgh2 j
3 k2

a2b 2 fh2
ik2

a2 cd2 ef3 h i
2 k

ab 2 cde 2 fg2 j
2

b 3
c
3 d 2 efghk

abd 3 eg3 hjk
ac 2 f 3 g

2h 3 k2

6

bd 3 e 3 gk 2

a 2 b 2
c
2 d 3 e 2 f j

3 k2

b2 cdfgh3 jk
a2 df 2h2 k
a2bceh

j

acd 3 e 3 f 2
g
2 jk 3

c
3 ef 2 gh

j

3

ab 2 ef

g

2h
abc 2 dg2h2 j

a k

(Continued next page)
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Plan 2l|3.10.9. (Continued)

7

b 2 d2 f2 jk
a2 c 2 d2 g

2 k
cdeh2

j
2

a2 bdefg2h2 j

a2 b2 ce 2 f2g
2h

j

2 k2

abcd 2fg

j

2 k
bc 2 e 2 fhk2

ae 2 ghjk2

ab 2
c
2def2gh2

8

b2 deg2 k
a2 c 2 defg

j

2 k
ce 2 fg2h2

j

a2be 2 f2gh 2

a2b 2 cd 2gh jk2

abode

f

2 jk
bc 2 d 2 f2 g

2h

j

2k2

ad2 fhk2

ab2 c
2 e 2h2

j
2

9

b 2 e 2 fg j
2 k

a2 c 2 e 2 f2 jk
cd 2 f2 gh2

a2bd 2h2
j
2

a2b 2 cdefhk2

abce 2
g
2 k

bc 2 deghjk2

adef2
g
2h j

2 k2

ab2 c
2d 2 fg2 h2

j

10

bd 2 ef 2h
a2b 2 c

2 d 2 eg2h

j

2

b2 cde 2 jk2

a2 de 2 fg2 k2

a2 bcf2
g
2h2 jk

acd 2 efgh

j

c
2 fh2 j

2k
ab 2gh2 k
abc 2 de 2 f2 g j

2 k2

11

bde 2
g
2h

j

2

a2b 2
c
2 de 2 fgh

j

b 2 of

g

2 k3

a2 f 2
g -j

2 k 2

a2 bcd^egh2 k
acde 2 f 2h
c
2 d 2 ef 2

g
2 h2 jk

ab 2 d 2 efh2 j
2 k

abc 2 jk2

12

bfghj
a2 b2 c 2 f2h
b 2 cd 2 ef2 g

j

2 k2

a2 d 2 ejk2

a2bcde 2 fh2 j
2 k

acg 2hj 2

c
2 de 2 gh2 k

ab 2 de 2 f2g
2h2 jk

abc 2 d 2 efg 2 k2

13

b2 eh j
2k2

a 2 c 2 efg 2h jk2

cd2 e 2fk
a2 bd2 e 2 f2 g

2
j
2 k

a2b 2 cdg2 h2

abcef2 ghk2

bc 2 df2h2
j

adfgh2
i
2

ab2 c 2 d 2 e 2
g jk

b 2 d 2 e 2 fg 2h jk2

a2 c
2 d 2 e 2 f2 ghk2

cdf 2
g
2
j
2k

a2bdgjk
a2b 2 cefgh2

j
2

abcd 2
e
2h

j

2k 2

bc 2 eg 2h2

aef 2h2
j

ab 2 c
2 dfk

11

b 2 df 2ghk2

a2 c 2 dh

j

2 k2

cegjk
a2 befk
a2 b 2 cd 2 e 2 f2h2

j

abcdfg 2h jk2

bc 2 d 2 e 2 fgh2 j
2

ad 2
e
2
g
2h 2

ab2
c
2 ef 2

g
2

j
2 k

17

defhjk
a2bc 2def2

g
2hk

bce 2 f2 j
2

a2 b 2 e 2
g
2

j

a2 cd 2 fg 2h2
j
2 k2

ab2 cdegh

j

2 k
b 2

c
2 d 2 h2 k2

abd 2 f 2 gh2 jk 2

ac 2
e
2 fg

e
2 f

'

hk
a^bc e wghj"k
bcd 2

g
2

j

a2b 2 d 2 fg
a2 cdef2 gh2 jk2

ab 2 ce 2 fh jk
b^c a defg2h 2

j
2 k

abdeh2 k2

ac 2 d 2 f2 j
2

d 2ghi~k
a2bc 2 d 2fh jk
bcdefg
a2 b2 def 2

i
2

a2 ce 2h2 k 2

ab2 cd 2 f2 g
2hk

b 2
c
2
e
2 f2gh2 jk 2

abe 2 f

g

2 h2
j
2k 2

ac 2 deg 2
j
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Plan 2[}-3.10«9« (Continued)

19

b2 de 2 fh2

a2 c
2 de 2 f2g

2h2 j
2

cf2hik 2

a2 bg2hk2

a2 b2 cd 2 efg 2 jk
abode 2 gh2

j

bc 2 d 2 e j
2 k

ad 2 ef 2gk
ab 2

c
2 fgh

j

2k 2

20

b 2 f 2
g
2h2

j
2

a2 c 2 gh 2
j

cd 2 eg2hk 2

a2 bd 2 efgh

j

2
!*
2

a2 b2 cde 2 f ~ gk
abcfh2

bc 2 de 2 fg2 jk
ade 2

j
2k

ab 2
c
3d 2 ef2 h jk2

21

b 2 d 2 egh2 j
a 2

c
2 d 2 efh2

cde 2 fgh

j

2 k2

a2 bde 2 f2 h jk2

a2b 2
c

j

2 k
abcd 2 ef 2

g
2h2

j
2

bc 2 f 2gk
a.fg

2 ik

ab 2
c
2 de 2

g
2hk2

22 23

d2 e 2 f2h2 j
2k2

a2 bc 2 d 2 e 2 g
2 h2 jk2

bcdhk
a2 b2dfg2 h j

2 k
a2 cef2

g
2

ab 2 cd 2 e 2 fgh2 k2

b2 c 2 ef j
abegj 2

ac 2 df 2 gh jk

dg2h2 jk2

a2 bc 2 dfgh 2 k J

bcefg 2h

j

2 k
a2b 2 ef2 gh jk
a2 cd 2

e 2 g

j

2

ab cdnh:
b2 c 2 d2 e 2f
abd 2

e
2 f j

ac 2 ehk

r k'V

efgh2 k 2

a2bc 2 ef 2h2
j
2 k2

bcd 2
e
2 f2ghjk

a 2 b 2 d 2 e 2 hk
a 2 cdf

j

ab 2 ceg 2 h2 jk2

b 2
c
2 dg

j

2

abdf 2
g
2

ac 2 d 2 e
2 f

g

2h

j

2 k

2 ?

be 2h2 jk
a2 b2 c

2 e
2 fg2h2 k

b 2 cd2 fh

j

2

a2 d 2 f 2
g
2h i

a 2bcdeg 2
i
2 k2

ace 2 f2gh2 j
2 k

c
2def 2k2

ab 2 defg jk 2

abc 2 d2gh

bd 2 fg2h2k
a 2b 2

c
2 d 2 f 2 gh2

j
2 k

b 2 cdef2
g
2h j

a2 degh
a2 bee 2 fg jk2

acd 2h2 jk
p p o • p , p

c e~g~ j k
ab 2

e 2 f 2k 2

abc 2defh

j

2

bdef 2gh2
j
2 k

a 2b 2 c~deh2 jk
b~ce gh
a2 e 2 fh j

2

a 2bcd 2 f 2k 2

aedef

g

2h2 k
c
2 d 2 fg jk 2

ab^d 3 42 1,2

abc 2
i~k'

f 2
g
2h

j
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Plan 2I13.IO.27 , 1/2 1| 3 replication of 10 factors in 9

blocks of 27 units each.

Factors: A, B, C, D, E, F, G, H, J, K.

I = Same as Plan 243.10.9*

Block confounding: PH2 J, FGH, PG2 J3 , GH2 ,^.

With blocking: AH two-factor interactions except the

following are measurable: DE, HK2
.

Blocks

Combine blocks of Plan 243*10.9 as follows:

1 2 3

1 , 2 , and 3 4 ? 5, and 6 7i 8, and 9

h 5 6

10, 11, and 12 13 , l4, and 1$ 16, 17, and 18

7 8 9

19, 20, and 21 22, 23, and 24 25, 26, and 27
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Plan 2 1)3. 10.81 . 1/2 1)3 replication of 10 factors in 3 blocks

of 81 units each.

Factors: A, B, C, D, E, F, G, H, J, K.

I = Same as Plan 2i-13-10.9-

Block confounding: FH3 J.

With blocking: All two -factor interactions are measurable.

Plocks

Combine blocks of Plan 2^3.10.9 as follows

:

1 2 3

1 through 9 10 through 18 19 through 27
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